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Abstract

We consider the stochastic Ginzburg-Landau equation in a bounded domain. We as-
sume the stochastic forcing acts only on high spatial frequencies. The low-lying fre-
quencies are then only connected to this forcing through the non-linear (cubic) term of
the Ginzburg-Landau equation. Under these assumptions, we show that the stochastic
PDE has a unique invariant measure. The techniques of proof combine a controlla-
bility argument for the low-lying frequencies with an infinite dimensional version of
the Malliavin calculus to show positivity and regularity of the invariant measure. This
then implies the uniqueness of that measure.
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1 Introduction

In this paper, we study a stochastic variant of the Ginzburg-Landau equation on a finite
domain with periodic boundary conditions. The deterministic equation is89;:=<>9@?A9CBD9&E , 90FHG�IJ:K9MLON/PRQTS , (1.1)

where S is the real Hilbert space UWVper
FYXZB\[J]^[�_4I , i.e., the closure of the space of smooth

periodic functions 9a`bXOBc[J]^[6_ed R equipped with the normf 9 f+g :ihkjl jnm+o 9pF2qrI o g ? o 93sHF2qrI o g+tMu qwv
(The restriction to the interval XZB\[J]^[�_ is irrelevant since other lengths of intervals can
be obtained by scaling space, time and amplitude 9 in (1.1).) While we work exclu-
sively with the real Ginzburg-Landau equation (1.1) our methods generalize immedi-
ately to the complex Ginzburg-Landau equation89x:yF{zR?k|~})I�<>9@?k9�B�F{z�?k|���I o 9 o g 9 , }b]/��Q R , (1.2)

which has a more interesting dynamics than (1.1). But the notational details are slightly
more involved because of the complex values of 9 and so we stick with (1.1).

While a lot is known about existence and regularity of solutions of (1.1) or (1.2),
only very little information has been obtained about the attractor of such systems, and
in particular, nothing seems to be known about invariant measures on the attractor.

On the other hand, when (1.1) is replaced by a stochastic differential equation, more
can be said about the invariant measure, see [DPZ96] and references therein. Since the
problem (1.1) involves only functions with periodic boundary conditions, it can be
rewritten in terms of the Fourier series for 9 :9pF2qM]Y��I�:�����

Z ��� �� 9 � F2��I , 9 � : z� [ hkjl j � l � �+� 90F2qrI u qTv
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We call � the momenta, 9 � the modes, and, since 9pF4q0]Y��I is real we must always have9 � F2��I@: �9 l � F2��I , where �� is the complex conjugate of � . With these notations (1.1)
takes the form 89 � : F{zcB � g I{9 � B ����{�����^��������� 9 � � 9 � � 9 � � ,

for all � Q Z and the initial condition satisfies � F{z6? o � o I{9 � F�G�I���Qx� g . In the sequel, we
will use the symbol S indifferently for the space U�Vper

FYXOBc[J]^[�_4I and for its counterpart
in Fourier space. In the earlier literature on uniqueness of the invariant measure for
stochastic differential equations, see the recent review [MS98], the authors are mostly
interested in systems where each of the 9 � is forced by some external noise term. The
main aim of our work is to study forcing by noise which acts only on the high-frequency
part of 9 , namely on the 9 � with o � o)� ��� for some finite ��� Q N. The low-frequency
amplitudes 9 � with o � o�  ��� are then only indirectly forced through the noise, namely
through the nonlinear coupling of the modes. In this respect, our approach is reminis-
cent of the work done on thermally driven chains in [EPR99a, EPR99b, EH00], where
the chains were only stochastically driven at the ends.

In the context of our problem, the existence of an invariant measure is a classical
result for the noise we consider [DPZ96], and the main novelty of our paper is a proof of
uniqueness of that measure. To prove uniqueness we begin by proving controllability
of the equations, i.e., to show that the high-frequency noise together with non-linear
coupling effectively drives the low-frequency modes. Using this, we then use Malliavin
calculus in infinite dimensions, to show regularity of the transition probabilities. This
then implies uniqueness of the invariant measure.

We will study the system of equationsu 9 � :¡B � g 9 � u �6? m 9 � B¢F�93E	I � t£u ��? ¤ �¥ ¦ [RF{zR? � g I u�§ � F4�YI , (1.3)

with 9¨Q¨S . The above equations hold for � Q Z, and it is always understood thatF�9 E I � : �© �«ª © �Yª © �^¬ ©© �/ © � © �+®
Z

9 ��� 9 ��� 9 ��� , (1.4)

with 9 l � : �9 � . To avoid inessential notational problems we will work with even
periodic functions, so that 9 � :K9 l � Q R. We will work with the basis

� � F2q�I�: z¥ [RF{zR? � g I cos F � qrI�v (1.5)

Note that this basis is orthonormal w.r.t. the scalar product in S , but the 9 � are actually
given by 9 � :yF ¦ [RF{z¯? � g IYI l V«° g�± 9£] � �!² . (We choose this to make the cubic term (1.4)
look simple.)

The noise is supposed to act only on the high frequencies, but there we need it to
be strong enough in the following way. Let } � : � g ?=z . Then we require that there
exist constants ³ V ] ³ gµ´ G such that for � � � � ,³ V } l&¶� · ¤ � · ³ g } lb¸� , ¹ � �

, ¹ B�z�º�»  ½¼ · ¹ v (1.6)
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These conditions imply ¾
���� N F{z¿? ��À ¶el E ° g I ¤ g�  ÂÁ ,

sup��Ãr��Ä � l g ¶ ¤ l V�  ÅÁ v
We formulate the problem in a more general setting: Let Æ F�9&I be a polynomial of

odd degree with negative leading coefficient. Let Ç be the operator of multiplication
by z¿? � g and let È be the operator of multiplication by ¤ � . Then (1.3) is of the formu�ÉËÊ : B Ç ÉËÊ5u �6? Æ F ÉÌÊ I u �6? È u�Í F4�YI , (1.7)

where
u�Í F2��I�:ÏÎ ¾��� N � � u�§ � F2��I is the cylindrical Wiener process on S with the

§ �
mutually independent real Brownian motions.1 We define

ÉÌÊ F2Ð�I as the solution of (1.7)
with initial condition

É N�F2Ð�I¯:KÐ . Clearly, the conditions on È can be formulated asf Ç ¶el E °/Ñ+È f HS  ÂÁ , (1.8a)¤ l V� � l g ¶ is bounded for � � ��� , (1.8b)

where
fMÒ�f

HS is the Hilbert-Schmidt norm on S . Note that for each � , (1.3) is obtained
by multiplying (1.7) by F ¦ [RF{zn? � g I�I l V«° g�± Ò ] � � ² .
Important Remark. The crucial aspect of our conditions is the possibility of choosing¤ � :ÓG for all �   ��� , i.e., the noise drives only the high frequencies. But we also allow
any of the ¤ � with �   ��� to be different from 0, which corresponds to long wavelength
forcing. Furthermore, as we are allowing ¹ to be arbitrarily large, this means that the
forcing at high frequencies has an amplitude which can decay like any power. The
point of this paper is to show that these conditions are sufficient to ensure the existence
of a unique invariant measure for (1.7).

Theorem 1.1 The process (1.7) has a unique invariant Borel measure on S .

There are two main steps in the proof of Theorem 1.1. First, the nature of the
nonlinearity Æ implies that the modes with � � �)� couple in such a way to those with�   � � as to allow controllability. Intuitively, this means that any point in phase space
can be reached to arbitrary precision in any given time, by a suitable choice of the
high-frequency controls.

Second, verifying a Hörmander-like condition, we show that a version of the Malli-
avin calculus can be implemented in our infinite-dimensional context. This will be the
hard part of our study, and the main result of that part is a proof that the strong Feller
property holds. This means that for any measurable function Ô QaÕ¿Ö	F2S×I , the function

m�Ø Ê Ô t F4Ð�I�Ù E Ú m Ô×Û É Ê,t F4Ð�I�Ü (1.9)

1It is convenient to have, in the case of (1.3), Ý¨Þ ��ß\à and ácâäã�åæÞ � ã ß ã�ç rather than ÝTÞ ßJ��ß\à
and áÌâèã!åbÞ ß ã ç .
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is continuous.2 We show this by proving that a cutoff version of (1.7) (modifying the
dynamics at large amplitudes by a parameter é ) makes Ø Êê Ô a differentiable map.

The interest in such highly degenerate stochastic PDE’s is related to questions in
hydrodynamics where one would ask how “energy” is transferred from high to low
frequency modes, and vice versa when only some of the modes are driven. This could
then shed some light on the entropy-enstrophy problem in the (driven) Navier-Stokes
equation.

To end this introduction, we will try to compare the results of our paper to cur-
rent work of others. These groups consider the

�
-D Navier Stokes equation without

deterministic external forces, also in bounded domains. In these equations, any initial
condition eventually converges to zero, as long as there is no stochastic forcing. First
there is earlier work by Flandoli-Maslowski [FM95] dealing with noise whose ampli-
tude is bounded below by o � o l&ë . In the work of Bricmont, Kupiainen and Lefevere
[BKL00a, BKL00b], the stochastic forcing acts on modes with low � , and they get
uniqueness of the invariant measure and analyticity, with probability 1. Furthermore,
they obtain exponential convergence to the stationary measure. In the work of Kuksin
and Shirikyan [KS00] the bounded noise is quite general, acts on low-lying Fourier
modes, and acts at definite times with ”noise-less” intervals in-between. Again, the in-
variant measure is unique. It is supported by ì ¾ functions, is mixing and has a Gibbs
property. In the work of [EMS00], a result similar to [BKL00b] is shown.

The main difference between those results and the present paper is our control of
a situation which is already unstable at the deterministic level. Thus, in this sense, it
comes closer to a description of a deterministically turbulent fluid (e.g., obtained by
an external force). On the other hand, in our work, we need to actually force all high
spatial frequencies. Perhaps, this could be eliminated by a combination with ideas from
the papers above.

2 Some Preliminaries on the Dynamics

Here, we summarize some facts about deterministic and stochastic GL equations from
the literature which we need to get started.

We will consider the dynamics on the following space:

Definition 2.1 We define S as the subspace of even functions in U�Vper
F�XOBc[n]^[�_(I . The

norm on S will be denoted by
fCÒËf

, and the scalar product by
± Ò ] Ò ² .

We consider first the deterministic equation89;:=<>9@?A9CBD9 E , 90FHG�IJ:K9 LON/P QTS , (2.1)

Due to its dissipative character the solutions are, for positive times, analytic in a strip
around the real axis. More precisely, denote by

fRÒ)f�í¯î
the normf+ïRf�í¯î : supð

Im ñ ðóò3ô o ï FH��I o ,
2Throughout the paper, E denotes expectation and P denotes probability for the random variables.
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and by õ ô the corresponding Banach space of analytic functions. Then the following
result holds.

Lemma 2.2 For every initial value 9 LON/P Q½S , there exist a time ö and a constant ÷
such that for G   � · ö , the solution 90F2��]^9 LäN/P I of (2.1) belongs to õ6ø ù and satisfiesf 90F2��]^9 LON/P I f í ø ù · ÷ .

Proof. The statement is proven in [Col94] for the case of the infinite line. Since the
periodic functions form an invariant subspace under the evolution, the result applies to
our case.

We next collect some useful results for the stochastic equation (1.7):

Proposition 2.3 For every � ´ G and every ú � z the solution of (1.7) with initial
condition

É N F2Ð�Iû:üÐýQÅS exists in S up to time � . It defines by (1.9) a Markovian
transition semigroup on S . One has the bound

E Ú supþ �eÿ N�� Ê�� f+É þ F2Ð�I f�� Ü · ÷ Ê � � F{z¿? f Ð f I � v
Furthermore, the process (1.7) has an invariant measure.

These results are well-known and in Section 8.6 we sketch where to find them in the
literature.

3 Controllability

In this section we show the “approximate controllability” of (1.3). The control problem
under consideration is89;:i<@9>? 9�B 93E¿? È ï F2��I , 90FHG�IJ:K9ML�� PRQTS , (3.1)

where
ï

is the control. Using Fourier series’ and the hypotheses on È , we see that by
choosing

ï � ÙÓG for o � o�  ��� , (3.1) can be brought to the form

89 � :
�		
 		� B � g 9 � ?k9 � B �� ��\������� 9 � 9  9 � ? ¤ �¥ ¦ [RF{zR? � g I ï � F2��I , o � o�� � � ,B � g 9 � ?k9 � B �� ��\������� 9 � 9  9 � , o � o�  ��� ,

(3.2)
with � 9 � � Q S and ���d � ï � F2��I��=Q�� ¾ FYXóG)]��)_�]YS×I . We will refer in the sequel
to � 9 � � ð � ð�� � Ä as the low-frequency modes and to � 9 � � ð � ð Ã&� Ä as the high-frequency
modes. We also introduce the projectors ��� and ��� which project onto the low (resp.
high) frequency modes. Let S � and S � denote the ranges of � � and � � respectively.
Clearly S � is finite dimensional, whereas S � is a separable Hilbert space.

The main result of this section is approximate controllability in the following sense:
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Theorem 3.1 For every time � ´ G the following is true: For every 9pL�� P^]^9ML �HPnQTS and
every ! ´ G , there exists a control

ï Q"� ¾ F�X G)]��)_�]YS×I such that the solution 90F2��I of
(3.1) with 9pF�G�In:K9£L�� P satisfies

f 90F#�bIpBD9ML �HP f · ! .

Proof. The construction of the control proceeds in 4 different phases, of which the
third is the actual controlling of the low-frequency part by the high-frequency controls.
In the construction, we will encounter a time �£F#$>] ! säI which depends on the norm$ of 9ML �HP and some precision ! s . Given this function, we split the given time � as� : Î À� � V � � , with � À · �£F f 9 L ��P f ] ! º � I and all � � ´ G . We will use the cumulated
times �&%�: Î %

� � V � � .Step 1. In this step we choose
ï Ù G , and we define 9pL V Pn: 90F2� V I , where �'�d 9pF4�YI is

the solution of (3.1) with initial condition 9pF�G�I : 9ML�� P . Since there is no control, we
really have (2.1) and hence, by Lemma 2.2, we see that 9ML V PRQ õ ô for some ( ´ G .
Step 2. We will construct a smooth control

ï `RX � V ]Y� g _¿d S such that 9 L g P : 9pF2� g I
satisfies: �)� 9 L g P : G@v
In other words, in this step, we drive the high-frequency part to G . To construct

ï
, we

choose a ì ¾ function Ô `MX � V ]Y� g _0d R, interpolating between z and G with vanishing
derivatives at the ends. Define 9 � F2��I×: Ô F2��I � � 9£L V P for �wQ X � V ]Y� g _ . This will be
the evolution of the high-frequency part. We next define the low-frequency part 9 � :9 � F2��I as the solution of the ordinary differential equation89 � :i<>9 � ?A9 � B � � m F�9 � ?k9 � I{E t ,

with 9 � F2� V I : �)� 9 L V P . We then set 90F2��I : 9 � F2��I+*K9 � F2��I and substitute into (3.1)
which we need to solve for the control È ï F2��I for �ËQ X � V ]Y� g _ .Since 9 � F2��I+*i9 � F2��I as constructed above is in õ ô and since È ï : 89wBK<@9aB9T? 93E , and < maps õ ô to õ ô ° g we conclude that È ï Q õ ô ° g . By construction,
the components ¤ � of È decay polynomially with � and do not vanish for � � � � .
Therefore, È l V is a bounded operator from õ ô ° g-, S � to S � . Thus, we can solve forï

in this step.

Step 3. As mentioned before, this step really exploits the coupling between high and
low frequencies. Here, we start from 90L g P at time � g and we want to reach � � 9£L��HP at
time � E . In fact, we will instead reach a point 9pLOE/P with

f � � 9MLOE/P£B � � 9ML �HP f   ! º � .
The idea is to choose for every low frequency o � o�  � � a set of three3 high frequen-

cies that will be used to control 9 � . To simplify matters we will assume (without loss
of generality) that � � ´ �

:

Definition 3.2 We define for every � with G · �   � � the set . � by. � : � z	G � Ä �6� ? � ] � Ò z	G � Ä ��� ]0/ Ò z	G � Ä ��� � v
3The number 1 is the highest power of the nonlinearity á in the GL equation.
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We also define . N� : ��� `�G · �   � � � and. : . N�32 Ú 4N ò � � � Ä . � Ü v
Lemma 3.3 The sets defined above have the following properties:

(A) Let . � : ��� V ] � g ] � E � . Then, of the six sums 5�� V 5k� g 5½� E exactly one equals �
and one equals B � . All others have modulus larger than � � .

(B) The sets . � and . N� are all mutually disjoint.

(C) Let 6 be a collection of three indices in . , 6 : ��� V ] � g ] � E � . If any of the sums5�� V 5Å� g 5K� E adds up to � with o � o)  � � then either 6 : . � or 6879. N� or 6
is of the form 6 : ��� ] � s�] � s2� .

Remark 3.4 At the end of this section, we indicate how this construction generalizes
to the complex Ginzburg-Landau equation.

Proof. The claims (A) and (B) are obvious from the definition of . � . To prove (C) let6 : ��� V ] � g ] � E � . If 6:7;. N� , we are done. Otherwise, at least one of the � � is an
element of an . � for some �;: G)]�v�v�v+] � � BÓz . Clearly, if the two others are in . N� ,
none of the sums have modulus less than � � . If a second � % is in . �=< with ��s'>:i� then
again none of the 6 sums can lead to a modulus less than � � . Finally if � % is in . � then
either all 3 are in . � and we are done, or � � : � % and thus 6 : ��� ] � s ] � s � . We have
covered all cases and the proof of the lemma is complete.

We are going to construct a control which, in addition to driving the low frequency
part as indicated, also implies 9 � F2��I�Ù¡G for � >Q . for �\QkX � g ]Y� E _ . By the conditions
on . , the low-frequency part of (3.2) is for G   �   � � equal to (having chosen the
controls equal to 0 for �   � � ):89 � : Ú z\B � g B@? ��5�BA)C0AEDF o 9 � o g Ü 9 � B �GIHJGLKMGLN ¬ ©O H  K  NQPSRUT DF 9 � 9  9 � B�?WV�5�IA © 9 � v (3.3)

When � :ÓG , the last term in (3.3) is replaced by B z �YX ���BA D 9 � . This identity exploits
the relations 9 l � :K9 � . To simplify the combinatorial problem, we choose the controls
of the 3 amplitudes 9 � with Z Q . � in such a way that these 9 � are all equal to a fixed
real function � � F2��I which we will determine below. With this particular choice, (3.3)
reduces for G   �   � � toG�:¡B 89 � ? Ú z\B � g B�z	» �N ò � � � Ä o � � o g Ü 9 � B m F � � 9rI{E t � B[?!�!E� v (3.4)

For � : G the last term is B z � ��EN . We claim that for every path \ Q ì ¾ FYX � g ]Y� E _J]YS � I
and every ! ´ G , we can find a set of bounded functions �^�d � � F2��I such that the
solution of (3.4) shadows \ at a distance at most ! .
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To prove this statement, consider the map Æ ` R
��Ä d R

��Ä
of the form (obtained

when substituting the path \ into (3.4))

Æ `)_``a � N� V...� �	Ä l V
bdcce �d _``a Æ N FH��IÆ V FH��I...Æ ��Ä l V FH��I

bdcce : _``a � �!EN�!EV ...�!E��Ä l V
bdcce ?f_``a Ø N FH��IØ V FH��I...

Ø ��Ä l V FH��I
bdcce ,

where the Ø  are polynomials of degree at most
�
. We want to find a solution to Æ :ÓG .

The Æ  form a Gröbner basis for the ideal of the ring of polynomials they generate.
As an immediate consequence, the equation Æ FH��IÌ: G possesses exactly / � Ä complex
solutions, if they are counted with multiplicities [MS95]. Since the coefficients of the

Ø  are real this implies that there exists at least one real solution.
Having found a (possibly discontinuous) solution for the � � , we find nearby smooth

functions g� � with the following properties:

– The equation (3.4) with g� � replacing � � and initial condition 9 � F2� g I¿:=9 L g P� leads
to a solution 9 with

f 9pF4� E IpB � � 9£L��HP f · ! º � .
– One has g� � F2� E In:ÓG .

Having found the g� � we construct the
ï � in such a way that for Z Q . � one has9 � F2��IJ: g� � F4�YI . Finally, for � ºQ . we choose the controls in such a way that 9 � F2��IJÙÓG

for ��QAX � g ]Y� E _ . We define 9 LOE/P as the solution obtained in this way for �¯:Å� E .
Step 4. Starting from 9MLäE/P we want to reach 90L �HP . Note that 9MLOE/P is in õ ô (for every( ´ G ) since it has only a finite number of non-vanishing modes. By construction we
also have

f ��� 9 LOE/P B �)� 9 L �HP f · ! º � . We only need to adapt the high frequency part
without moving the low-frequency part too much.

Since õ ô is dense in S , there is a 9 L À P Q õ ô with
f 9 L À P B 9 L �HP f · ! º ¦ . By the

reasoning of Step 2 there is for every �bs ´ G a control for which � � 90F2� E ?h�es(IC:� � 9£L À P when starting from 9pF4� E I :ü9£LOE/P . Given ! there is a � � such that if �æs   � �
then

f �)� 90F2� E ?i� s IpB �)� 9pF4� E I f   ! º ¦ . This � � depends only on
f 9 L��HP f and ! , as can

be seen from the following argument: Since � � 9£LOE/P0:ÓG , we can choose the controls in
such a way that

f � � 90F2� E ?A��I f is an increasing function of � and is therefore bounded
by
f � � 9£L �HP f . The equation for the low-frequency part is then a finite dimensional ODE

in which all high-frequency contributions can be bounded in terms of $=: f 9 L �HP f .
Combining the estimates we see thatf 90F2� À IpBD9 L��HP f : f �)� F�90F2� À I0B 9 L��HP I f ? f �)� F29pF2� À IpB 9 L ��P I f· f � � F�90F2� À I0B 90F2� E IYI f ? f � � F�90F2� E I0B 9£L��HP,I f? f � � F�9 L À P B 9 L �HP I f · ! v

The proof of Theorem 3.1 is complete.
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3.1 The Combinatorics for the Complex Ginzburg-Landau Equation

We sketch here those aspects of the combinatorics which change for the complex
Ginzburg-Landau equation. In this case, both the real and the imaginary parts of 9 �
and 9 l � are independent. Thus, we would need a noise which acts on each of the real
and imaginary components of 9 � and of 9 l � independently i.e., four components perZ ´ G and two for Z :ÓG . A possible definition of . � for o � o�  ��� is:. � :kj � z	G � Ä � g � ? � ] � Ò z	G � Ä � g � ]�Bl/ Ò z	G � Ä � g � � for � � G ,� z	G �	Ä�� g ð � ð � V B o � o ] � Ò z	G �	Ä�� g ð � ð � V ]�Bl/ Ò z	G �	ÄY� g ð � ð � V � for �   G .
We also define . N� : ��� ` o � o�  � � � and. : . N� 2 Úm4ð � ð�� ��Ä . � Ü v
The analog of Lemma 3.3 is

Lemma 3.5 The sets defined above have the following properties:

(A) Let . � : ��� V ] � g ] � E � . Then, the sum � V ? � g ? � E equals � .

(B) The sets . � and . N� are all mutually disjoint.

(C) Let 6 be a collection of three indices in . , 6 : ��� V ] � g ] � E � . If the sum � V ?� g ? � E equals � with o � o�  � � then either 6 : . � or 6n78. N� or 6 is of the form6 : ��� ] � s2]�B � s�� .
Finally, the analog of (3.4) is for o � o�  � � :G :¡B 89 � ? m zcB¢F{z¿?k|~})I � gt 9 � BÂF{zR?k|~�I m�m � � 9 o � � 9 o g+t � ?o?!�!E� t v
Apart from these combinatorial changes the complex Ginzburg-Landau equation is
treated like the real one.

4 Strong Feller Property and Proof of Theorem 1.1

The aim of this section is to show the strong Feller property of the process defined by
(1.3) resp. (1.7).

Theorem 4.1 The Markov semigroup Ø Ê defined in (1.9) is strong Feller.

Proof of Theorem 1.1. This proof follows a well-known strategy, see e.g., [DPZ96].
First of all, there is at least one invariant measure for the process (1.7), since for a
problem in a finite domain, the semigroup �+�d � l�p Ê

is compact, and therefore [DPZ96,
Theorem 6.3.5] applies.

By the controllability Theorem 3.1, we deduce, see [DPZ96, Theorem 7.4.1], that
the transition probability from any point in S to any open set in S cannot vanish, i.e.,
the Markov process is irreducible. Furthermore, by Theorem 4.1 the process is strong
Feller. By a classical result of Khas’minskiı̆, this implies that Ø Ê is regular. Therefore
we can use Doob’s theorem [DPZ96, pp.42–43] to conclude that the invariant measure
is unique. This completes the proof of Theorem 1.1.
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Before we start with the proof of Theorem 4.1, we explain our strategy. Because
of the polynomial nature of the nonlinearity in (1.3), the natural bounds diverge with
some power of the norm of the initial data. On the other hand, the nonlinearity is
strongly dissipative at large amplitudes. Therefore we introduce a cutoff version of
the dynamics beyond some fixed amplitude and then take the limit in which this cutoff
goes to infinity. We seem to need such a technique to get the bounds (5.11) and (5.12).

The precise definition of the cutoff version Æ ê of Æ is:Æ ê F4q�I�: m zcB@q m f q f ºeFJ/ é I t�t Æ F4q�I ,

where q is a smooth, non-negative function satisfyingq¿FH��I�: j z if � ´ �
,G if �   z .

Similarly, we define È ê F4q�I�: È ?iq¿F f q f º é I � � Ä , (4.1)

where � ��Ä is the projection onto the frequencies below � � .
Remark 4.2 These cutoffs have the following effect as a function of

f q f :
– When

f q f · é then È ê F4q�IJ: È and Æ ê F2qrIJ: Æ F2qrI .
– When é   f q f · � é then È ê F2q�I depends on q and Æ ê F2qrIJ: Æ F2qrI .
– When

� é   f q f · ? é then all Fourier components of È ê F4q�I including the ones
below � � are non-zero and Æ ê F2qrI is proportional to a Æ F2q�I times a factor · z .

– When ? é   f q f then all Fourier components of È ê F2q�I including the ones below��� are non-zero and Æ ê F2q�IJ:ÓG .
At high amplitudes, the nonlinearity is truncated to 0. Thus, the Hörmander condition
cannot be satisfied there unless the diffusion process is non-degenerate. We achieve this
non-degeneracy by extending the stochastic forcing to all degrees of freedom when

f q f
is large.

Instead of (1.7) we then consider the modified problemu�É Ê ê :yB Ç É Ê ê u �6? m Æ ê Û É Ê ê t£u ��? m È ê Û É Ê ê t£u5Í F2��I , (4.2)

with
É N ê F2Ð�In:ÅÐ>QTS . Note that the cutoffs are chosen in such a way that the dynamics

of
É Ê ê F2Ð�I coincides with that of

É Ê F2Ð�I as long as
f+É Ê F2Ð�I f   é . We will show that the

solution of (4.2) defines a Markov semigroup

Ø Êê Ô F2Ð�I¯: E m Ô×Û É Ê ê t F2Ð�I ,

with the following smoothing property:

Theorem 4.3 There exist exponents r ]ts ´ G , and for all é ´ G there is a constant ÷ ê
such that for every Ô QaÕnÖ	F2S×I , for every � ´ G and for every Ð QTS , the function Ø Êê Ôis differentiable and its derivative satisfiesf0u Ø Êê Ô F2Ð�I f · ÷ ê F{z¿? � lwv I�F{z¿? f Ð ftx I f Ô f �Iy v (4.3)
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Using this theorem, the proof of Theorem 4.1 follows from a limiting argument.

Proof of Theorem 4.1. Choose q=QÅS , � ´ G , and ! ´ G . We denote by Õ the ball
of radius

� f q f centered around the origin in S . Using Proposition 2.3 we can find a
sufficiently large constant é : é F2qM]Y��] ! I such that for every z QTÕ , the inequality

P Ú supþ �eÿ N�� Ê��#{{ É þ F z I {{ ´ é Ü · !»
holds. Choose Ô QTÕnÖ�F4S×I with

f Ô f �By · z . We have by the triangle inequality|| Ø Ê Ô F4q�I0B Ø Ê Ô F z I || · || Ø Ê Ô F4q�IpB Ø Êê Ô F2q�I || ? || Ø Êê Ô F4q�I0B Ø Êê Ô F z I ||? || Ø Ê Ô F z I0B Ø Êê Ô F z I || v
Since the dynamics of the cutoff equation and the dynamics of the original equation
coincide on the ball of radius é , we can write, for every � Q¨Õ ,|| Ø Ê Ô FH��I¯B Ø Êê Ô F���I || : E

|| m ÔxÛ ÉÌÊ,t FH��IpB m Ô×Û ÉËÊ ê t FH��I ||· � f Ô f �Iy P Ú supþ �eÿ N�� Ê��J{{ É þ F���I {{ ´ é Ü · ! ¦ v
This implies that || Ø Ê Ô F2qrIpB Ø Ê Ô F z I || · ! � ? || Ø Êê Ô F2qrI0B Ø Êê Ô F z I || v
By Theorem 4.3 we see that if z is sufficiently close to q then|| Ø Êê Ô F2qrIpB Ø Êê Ô F z I || · ! � v
Since ! is arbitrary we conclude that Ø Ê Ô is continuous when

f Ô f �By · z . The gener-
alization to any value of

f Ô f �Iy follows by linearity in Ô . The proof of Theorem 4.1 is
complete.

5 Regularity of the Cutoff Process

In this section, we start the proof of Theorem 4.3. If the cutoff problem were fi-
nite dimensional, a result like Theorem 4.3 could be derived easily using, e.g., the
works of Hörmander [Hör67, Hör85], Malliavin [Mal78], Stroock [Str86], or Norris
[Nor86]. In the present infinite-dimensional context we need to modify the correspond-
ing techniques, but the general idea retained is Norris’. The main idea will be to treat
the (infinite number of) high-frequency modes by a method which is an extension of
[DPZ96, Cer99], while the low-frequency part is handled by a variant of the Malliavin
calculus adapted from [Nor86]. It is at the juncture of these two techniques that we
need a cutoff in the nonlinearity.
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5.1 Splitting and Interpolation Spaces

Throughout the remainder of this paper, we will again denote by S � and S � the spaces
corresponding to the low (resp. high)-frequency parts. We slightly change the meaning
of “low-frequency” by including in the low-frequency part all those frequencies that
are driven by the noise which are in . as defined in Definition 3.2. More precisely,
the low-frequency part is now ��� ` o � o ·3} B�z�� , where } : max ��� ` � Q . ��?Kz .
Note that } is finite.

Since Ç : z B�< is diagonal with respect to this splitting, we can define its low
(resp. high)-frequency parts Ç � and Ç � as operators on S � and S � . From now on,} will always denote the dimension of S � , which will therefore be identified with
R ~ .4 We also allow ourselves to switch freely between equivalent norms on R ~ , when
deriving the various bounds.

In the sequel, we will always use the notations
u � and

u � to denote the derivatives
with respect to S � (resp. S � ) of a differentiable function defined on S . The words
“derivative” and “differentiable” will always be understood in the strong sense, i.e., ifï `�� V d � g with � V and � g some Banach spaces, then

uxï `U� V d � F#� V ]�� g I ,
i.e., it is bounded from � V to � g .

We introduce the interpolation spaces S�� (for every \ � G ) defined as being equal
to the domain of Ç � equipped with the graph normf q f+g� : f Ç � q f+g : f F{zÌBA<�I � q f+g v
Clearly, the S�� are Hilbert spaces and we have the inclusionsS � 7 S�� if \ �8� v
Note that in usual conventions, S � would be the Sobolev space of index

� \ ?=z . Our
motivation for using non-standard notation comes from the fact that our basic space is
that with one derivative, which we call S , and that \ measures additional smoothness
in terms of powers of the generator of the linear part.

5.2 Proof of Theorem 4.3

The proof of Theorem 4.3 is based on Proposition 5.1 and Proposition 5.2 which we
now state.

Proposition 5.1 Assume that the noise satisfies condition (1.6). Then (4.2) defines a
stochastic flow

É Ê ê on S with the following properties which hold for any ú � z :
(A) If ÐwQAS�� with some \ satisfying G · \ · ¹ , the solution of (4.2) stays in S�� ,

with a bound

E Ú supN � Ê ��� f+ÉÌÊ ê F2Ð�I f�� � Ü · ÷ � � � � ê F{zR? f Ð f � I � , (5.1a)

for every ö ´ G . If \ � z the solution exists in the strong sense in S .
4The choice of � above is dictated by the desire to obtain a dimension equal to � and not ��� � .
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(B) The quantity
É Ê ê F4Ð�I is in S ¶ with probability z for every time � ´ G and everyÐ>QTS . Furthermore, for every ö ´ G there is a constant ÷ � � � � ê for which

E Ú supN � Ê ��� � ¶ � f+É Ê ê F2Ð�I f � ¶ Ü · ÷ � � � � ê F{z�? f Ð f I � v (5.1b)

(C) The mapping Ð��d ÉcÊ ê F2Ð�I (for � and � fixed) has a.s. bounded partial derivatives
with respect to Ð . Furthermore, we have for every Ðe]d��QTS the bound

E Ú supN � Ê ��� {{ m uxÉËÊê F2Ð�I t � {{ � Ü · ÷ � � � � ê f � f�� , (5.1c)

for every ö ´ G .
(D) For every �×Q¨S and Ð�QwS ¶ , the quantity m uxÉ Ê ê F2Ð�I t � is in S ¶ with probabilityz for every � ´ G . Furthermore, for a s depending only on ¹ the bound

E Ú supN � Ê �w� � ¶ � {{ m uxÉ Ê ê F2Ð�I t � {{ � ¶ Ü · ÷ � � � � ê F{z¿? f Ð f ¶ I x � f � f � , (5.1d)

holds for every ö ´ G .
(E) For every Ð>QTS � with \ · ¹ , we have the small-time estimate

E Ú supN � Ê ��� {{ É Ê ê F2Ð�I0B � lwp Ê Ð {{ � � Ü · ÷ � � � � ê F{zR? f Ð f � I � ! � °�V=� , (5.1e)

which holds for every ! QýF�G)] ö _ and every ö ´ G .
This proposition will be proved in Section 8.4.

Proposition 5.2 There exist exponents r � ]ts � ´ G such that for every Ô Q ì gÖbF2S×I ,
every Ð�Q×S ¶ and every � ´ G ,f0u Ø Êê Ô F4Ð�I f · ÷ ê F{z¿? � lwv Ä I m z�? f Ð ftx Ä¶ t)f Ô f �By v (5.2)

Proof of Theorem 4.3. Note first that for all � ´ G , one has
f Ø��ê Ô f �By · f Ô f �By .

Furthermore, for � ´ z ,f0u Ø �ê Ô F2Ð�I f : {{ u m Ø Vê F Ø � l Vê Ô I t F2Ð�I {{ v
Therefore, if we can show (4.3) for � · z , then we find for any � ´ z :f0u Ø��ê Ô F4Ð�I f · � ÷ ê F{z¿? f Ð ftx I f Ø�� l Vê Ô f �By · � ÷ ê F{z�? f Ð ftx I f Ô f �By v
In view of the above, it clearly suffices to show Theorem 4.3 for �ËQýF�G)]�z�_ .

We first prove the bound for the case Ô Q ì gÖ3F4S×I . Let �TQaS . Using the definition
(1.9) of Ø Êê Ô and the Markov property of the flow we writef0u Ø g Êê Ô F2Ð�I0� f : {{ u

E m�Ø Êê ÔTÛ É Ê ê t F4Ð�I0� {{ : {{{ E Ú m u Ø Êê ÔxÛ É Ê ê t F4Ð�I uxÉ Ê ê F2Ð�I0�)Ü {{{
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·�� E {{ m u Ø Êê ÔxÛ É Ê ê t F4Ð�I {{ g � E {{ uxÉ Ê ê F2Ð�I0� {{ g v
Bounding the first square root by Proposition 5.2 and then applying Proposition 5.1

(B–C), (with ö :¡z ) we get a boundf0u Ø g Êê Ô F2Ð�I�� f · ÷ ê f Ô f �Iy F{z¿?A� lwv Ä I � E m z¿? f+É Ê ê F2Ð�I f x Ä¶ t	g � E {{ uxÉ Ê ê F2Ð�I0� {{ g· ÷ ê f Ô f �Iy F{z¿?A� lwv Ä I«� l&¶ x Ä F{z¿? f Ð f I x Ä f � f v
Choosing r : r � ? ¹ s � and s×:Ws � we find (4.3) in the case when Ô Q ì gÖæF2S×I . The
method of extension to arbitrary Ô Q Õ Ö F2S×I can be found in [DPZ96, Lemma 7.1.5].
The proof of Theorem 4.3 is complete.

5.3 Smoothing Properties of the Transition Semigroup

In this subsection we prove the smoothing bound Proposition 5.2. Thus, we will no
longer be interested in smoothing in position space as shown in Proposition 5.1 but in
smoothing properties of the transition semigroup associated to (4.2).

Important remark. In this section and up to Section 8.6 we always tacitly assume
that we are considering the cutoff equation (4.2) and we will omit the index é .

Thus, we will write Eq.(4.2) asu�É Ê :¡B Ç É Ê u ��? m ÆÂÛ É Ê t£u ��? m È¢Û É Ê t0u�Í F2��I�v (5.3)

The solution of (5.3) generates a semigroup on the space Õ Ö F2S×I of bounded Borel
functions over S :ÅS � *ýS � by

Ø Ê Ô : E m ÔxÛ É Ê t , Ô QTÕnÖ�F2S×I�v
Our goal will be to show that the mixing properties of the nonlinearity are strong
enough to make Ø Ê Ô differentiable, even if Ô is only measurable.

We will need a separate treatment of the high and low frequencies, and so we
reformulate (5.3) asu5ÉËÊ � :¡B Ç)� ÉËÊ � u ��? m Æ���Û ÉËÊ,tMu �6? m È�� Û ÉÌÊ,tMu5Í � F2��I ,

ÉÌÊ � QTS � , (5.4a)u5É Ê � :¡B Ç � É Ê � u ��? m Æ � Û É Ê,t u �6? È � u5Í � F2��I ,
É Ê � QTS � , (5.4b)

where S � and S � are defined in Section 5.1 and the cutoff version of È was defined
in (4.1). Note that È�� m ÉËÊ F2Ð�I t is independent of Ð and � by construction, which is why
we can use È�� in (5.4b).

The proof of Proposition 5.2 is based on the following two results dealing with the
low-frequency part and the cross-terms between low and high frequencies, respectively.

Proposition 5.3 There exist exponents r ]ts ´ G such that for every Ô Q ì gÖbF2S×I , everyÐ>QTS ¶ and every ö ´ G , one has{{{ E Ú m u � ÔTÛ É Ê,t F2Ð�I�F u � É Ê � I�F2Ð�I Ü {{{ · ÷ � � l�v m z�? f Ð ftx¶ t f Ô f �Iy ,
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for all �ËQýF�G)] ö _ .5
Lemma 5.4 For every ö ´ G and every ú � z , there is a constant ÷ � � ��´ G such that
for every � · ö , one has the estimates (valid for � � Q×S � and � � Q¨S � ):

E supN � þ � Ê {{ m u � É þ� t F2Ð�I0� � {{ � · ÷ � � � � � f � � f � , (5.5a)

E supN � þ � Ê {{ m u � É þ� t F2Ð�I0� � {{ � · ÷ � � � � � °YÀ f � � f�� v (5.5b)

These bounds are independent of Ð�Q×S .

Remark 5.5 In the absence of the cutoff é one can prove inequalities like (5.5), but
with an additional factor of F{zË? f Ð fg I � on the right. This is not good enough for our
strategy and is the reason for introducing a cutoff.

The proof of Proposition 5.3 will be given in Section 6 and the proof of Lemma 5.4
will be given in Section 8.5.

Proof of Proposition 5.2. As in the proof of Theorem 4.3, it suffices to consider times� · ö , where ö is any (small) positive constant. The proof will be performed in
the spirit of [DPZ96] and [Cer99], using a modified version of the Bismut-Elworthy
formula. Take a function Ô Q ì gÖ3F4S×I . We consider È � and È � as acting on and intoS � and S � respectively. It is possible to write as a consequence of Itô’s formula:

m ÔxÛ É Ê,t F2Ð�I¯: Ø Ê Ô F2Ð�I�? h ÊN m F u Ø Ê l þ Ô I Û É þ t F2Ð�I m ÈÂÛ É þ t F2Ð�I u�Í F&��I
: Ø Ê Ô F2Ð�I�? h ÊN m F u � Ø Ê l þ Ô I Û É þ�t F2Ð�I m È � Û É þ�t F2Ð�I u�Í � F&��I? h ÊN m F u � Ø Ê l þ Ô I Û É þ t F2Ð�I È � u�Í � F&��I�v (5.6)

Choose some �ÂQÅS � . By Proposition 5.1 (D), m u � É Ê � t F2Ð�I0� is in S ¶ for positive
times and is bounded by (5.1d). Using condition (1.8b) we see that È l V� maps to S �
and so we can multiply both sides of (5.6) byh E Ê °^ÀÊ °^À � È l V� m u � É þ� t F2Ð�I0� ] u5Í � F&��I�� ,

where the scalar product is taken in S � . Taking expectations on both sides, the first
two terms on the right vanish because

u5Í � and
u�Í � are independent and of mean

zero. Thus, we get

E Ú m ÔxÛ É Ê t F2Ð�Iæh E
Ê °^ÀÊ °YÀ � È l V� m u � É þ� t F2Ð�I0� ] u�Í � F&��I � Ü

: E h E Ê °YÀÊ °YÀ m F u � Ø Ê l þ Ô I Û É þ t F2Ð�I m u � É þ� t F2Ð�I0� u � ,

(5.7)

5Recall that not only the flow, but for example also the constant ��� depends on � .
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We add to both sides of (5.7) the term

E h E Ê °YÀÊ °YÀ m F u � Ø Ê l þ Ô I Û É þ t F2Ð�I m u � É þ� t F2Ð�I0� u � ,

and note that the r.h.s. can be rewritten ash E Ê °YÀÊ °YÀ u � E m F Ø Ê l þ Ô I Û É þ t F4Ð�I0� u �\: �� u � E m Ô×Û É Ê,t F4Ð�I0� ,

since by the Markov property, E m Ø Ê l þ ÔaÛ É þ t F2Ð�I�: E m ÔwÛ ÉËÊ t F2Ð�I . Therefore, (5.7)
leads to

m u � Ø Ê Ô t F2Ð�I0��: � � E Ú m ÔTÛ ÉËÊ,t F2Ð�Iæh E
Ê °YÀÊ °YÀ � È l V� m u � É þ� t F2Ð�I0�&] u�Í � FJ��It  Ü

? � � E h E Ê °YÀÊ °YÀ m F u � Ø Ê l þ Ô I Û É þ t F2Ð�I m u � É þ� t F4Ð�I0� u � v (5.8)

For the low-frequency part, we use the equality

m u � Ø Ê Ô t F2Ð�IJ: E Ú m u � Ø Ê ° g ÔxÛ ÉËÊ ° g�t F4Ð�I m u � É Ê ° g� t F2Ð�I Ü? E Ú m u � Ø Ê ° g ÔxÛ É Ê ° g t F2Ð�I m u � É Ê ° g� t F2Ð�I Ü v (5.9)

We introduce the Banach spaces � � � v Ä � x Ä of measurable functions
ï `bFHG)] ö I¢¡@S ¶ dS , for which

o o o ï o o o � � v Ä � x Ä Ù supN � Ê ��� sup£�¥¤'¦ � v Ä f+ï F4�+]YÐ�I fz�? f Ð f x Ä¶ (5.10)

is finite. Recall that we consider here only times smaller than the (small) time ö QFHG)]�z�_ which we will fix below. Choose r � as the maximum of the constants ¹ and
the r appearing in Proposition 5.3. Similarly s � is the maximum of the s of Proposi-
tion 5.1 (D) and the one in Proposition 5.3.

We will construct a ö ´ G such that
ï¥§ `bF2��]YÐ�I��d m u Ø Ê Ô t F2Ð�I belongs to � � � v Ä � x Ä

and that o o o ï¥§ o o o � � v Ä � x Ä · ÷ f Ô f �By , thus proving Proposition 5.2. The fact that
ï¨§ Q� � � v Ä � x Ä for every ö if Ô Q ì gÖbF2S×I is shown in [DPZ92, Theorem 9.17], so we only

have to show the bound on its norm.
The following inequalities are obtained by applying to (5.8) in order the Cauchy-

Schwarz inequality and the definition (5.10), then (1.8b), (5.1d), and again Cauchy-
Schwarz. The last inequality is obtained by applying (5.1a) and (5.1c). This yields for�xQTS � :|| m u � Ø Ê Ô t F4Ð�I0� || · f Ô f �By � �ª© E h E Ê °YÀÊ °YÀ {{ È l V� m u � É þ� t F2Ð�I�� {{ g u �Q« V«° g

? � � o o o ï¨§ o o o Ê � v Ä � x Ä E h E Ê °YÀÊ °YÀ
z¿? f+É þ F2Ð�I ftx Ä¶F4�pB¬��I v Ä {{ m u � É þ� t F2Ð�I0� {{ u �
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· ÷ � lr¶ f Ô f �By m z¿? f Ð ftx Ä¶ t f � f (5.11)? ÷ � l�v Ä o o o ï¨§ o o o Ê � v Ä � x Ä © E supþ �eÿ ù � � ù � m z¿? f+É þ F2Ð�I f x Ä¶ t g « V«° g¡ © E supþ �eÿ ù � � ù � {{ m u � É þ� t F2Ð�I�� {{ g « V«° g· ÷ � lr¶ f Ô f � y m z¿? f Ð ftx Ä¶ t f � f ? ÷ � l�v ÄY� V«°YÀ o o o ï § o o o Ê � v Ä � x Ä F{z¿? f Ð ftx Ä¶ I f � f v
Note that this is the place where the lower bound (1.8b) on the noise is really used.

For the low-frequency part Eq.(5.9) we use first Proposition 5.3,
f Ø Ê ° g Ô f �By ·f Ô f �By , and the definition (5.10), then Cauchy-Schwarz, and finally (5.5a) and (5.1b).

This leads for �×QTS � to:|| m u � Ø Ê Ô t F2Ð�I0� || · ÷ � lwv Ä f Ô f �By m z�? f Ð ftx Ä¶ t f � f? ÷ � l�v Ä o o o ï¨§ o o o Ê � v Ä � x Ä E Ú m z¿? f+ÉËÊ ° g F2Ð�I f x Ä¶ t {{ m u � É Ê ° g� t F2Ð�I0� {{ Ü· ÷ � lwv Ä f Ô f �Iy m z�? f Ð ftx Ä¶ tÌf � f (5.12)? ÷ � l�v Ä o o o ï¨§ o o o Ê � v Ä � x Ä � E m z¿? f+É Ê ° g F4Ð�I f x Ä¶ t g � E {{ m u � É Ê ° g� t F2Ð�I0� {{ g· ÷ � lwv Ä f Ô f �Iy m z�? f Ð f x Ä¶ tÌf � f ? ÷ � lwv Ä � V o o o ï § o o o Ê � v Ä � x Ä m z�? f Ð f x Ä¶ tÌf � f v
Combining the above expressions we get for every ö QýF�G)]�z�_ a bound of the type

o o o ï § o o o � � v Ä � x Ä · ÷ V f Ô f �By ? ÷ g ö�V«°YÀ o o o ï § o o o � � v Ä � x Ä v
Our final choice of ö is now ö V«°YÀ : min ® z!]�z�ºeF � ÷ g I°¯ , and we find

o o o ï § o o o � � v Ä � x Ä · ÷ f Ô f �By v (5.13)

Since
ï § F2��]YÐ�I : m u Ø Ê Ô t F2Ð�I , inspection of (5.10) shows that (5.13) is equivalent to

(5.2). The proof of Proposition 5.2 is complete.

6 Malliavin Calculus

To prove Proposition 5.3 we will apply a modification of Norris’ version of the Malli-
avin calculus. This modification takes into account some new features which are nec-
essary due to our splitting of the problem in high and low frequencies (which in turn
was done to deal with the infinite dimensional nature of the problem).

Consider first the deterministic PDE for a flow:uU± Ê F2Ð�Iu � :¡B Ç ±µÊ F2Ð�I�? m ÆÂÛ ± Ê t F2Ð�I�v (6.1)

This is really an abstract reformulation for the flow defined by the GL equation, and Ð
belongs to a space S , which for our problem is a suitable Sobolev space. The linear
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operator Ç is chosen as z B�< , while the non-linear term Æ corresponds to
� 9¨Bk96E

in the GL equation. Below, we will work with approximations to the GL equation,
and all we need to know is that Ç `æS d S is the generator of a strongly continuous
semigroup, and Æ will be seen to be bounded with bounded derivatives.

For each fixed Ð�Q×S we consider the following stochastic variant of (6.1):uL± Ê F2Ð�I¯:¡B Ç ±µÊ F2Ð�I u �&? m ÆÂÛ ± Ê,t F2Ð�I u �&? m ÈÅÛ ±µÊ IF2Ð�I u5Í F2��IRv (6.2)

with initial condition
± N�F4Ð�I :üÐ . Furthermore,

Í
is the cylindrical Wiener process

on a separable Hilbert space U and È is a strongly differentiable map from S to� g F U ]YS×I , the space of bounded linear Hilbert-Schmidt operators from U to S .
We next introduce the notion of directional derivative (in the direction of the noise)

and the reader familiar with this concept can pass directly to (6.3). To understand this
concept consider first the case of a function �²�d 7 Ê� Q U . Then the variation ³E´tµ ± Ê of±µÊ

in the direction 7 � is obtained by replacing
u�Í F2��I by

u�Í F2��I�? !�7 Ê� u � and it satisfies
the equationu ³ ´ µ ± Ê : m B Ç�³ ´ µ ± Ê ?iF u ÆÂÛ ± Ê I ³ ´ µ ± Ê tMu �6? m F u ÈÂÛ ± Ê I ³ ´ µ ± Ê t£u�Í F2��I?ÓF ÈÂÛ ± Ê I 7 Ê� u �¿vIntuitively, the first line comes from varying

± Ê
with respect to the noise and the second

comes from varying the noise itself.
We will need a finite number } of directional derivatives, and so we introduce some

more general notation. We combine } vectors 7 � as used above into a matrix called 7
which is an element of ¶ ¡ X G)] Á Icd U·~ . We identify U·~ with � F R ~ ] U I . Note
that we now allow 7 to depend on ¶ , and to make things work, we require 7 to be a
predictable stochastic process, i.e., 7 Ê only depends on the noise before time � . The
stochastic process ¸ Ê´ QAS ~ (corresponding to ³E´ ± Ê

) is then defined as the solution
of the equation u ¸ Ê´ � : Ú B Ç)¸ Ê´ ? m u ÆÂÛ ±µÊ,t ¸ Ê´ ? m ÈÂÛ ± Ê«t 7 Ê Ü � u �? Ú m u ÈÂÛ ± Ê«t ¸ Ê´ � Ü u5Í F2��I ,¸ N´ :ÓG ,

(6.3)

which has to hold for all �xQ R ~ .
Having given the detailed definition of ¸ Ê´ , we will denote it henceforth by the more

suggestive ¸ Ê´ F4Ð�I�: ³ ´ ± Ê F2Ð�I ,

to make clear that it is a directional derivative. We use the notation ³ ´ to distinguish
this derivative from the derivative

u
with respect to the initial condition Ð .

For (6.2) and (6.3) to make sense, two assumptions on Æ , È and 7 are needed:

A1 Æ `0S d S and È `MS d � g F U ]YS×I are of at most linear growth and have
bounded first and second derivatives.



MALLIAVIN CALCULUS 20

A2 The stochastic process �'�d 7 Ê is predictable, has a continuous version, and satis-
fies

E Ú supþ �)ÿ N�� Ê�� f 7 þ f � Ü  ÂÁ ,

for every � ´ G and every ú � z . (The norm being the norm of U ~ .)

It is easy to see that these conditions imply the hypotheses of Theorem 8.9 for the
problems (6.2) and (6.3). Therefore ¸ Ê´ is a well-defined strongly Markovian stochastic
process.

With these notations one has the well-known Bismut integration by parts formula
[Nor86].

Proposition 6.1 Let
± Ê

and ³¹´ ± Ê
be defined as above and assume A1 and A2 are

satisfied. Let Õ 7 S be an open subset of S such that
± Ê Q Õ almost surely and letÔ `!Õ d R be a differentiable function such that

E
f Ô F ± Ê I f+g ? E

f0u Ô F ± Ê I f+g  ÂÁ v
Then we have for every �xQ R ~ the following identity in R:

E m u Ô F ±µÊ I ³l´ ±µÊ � t : E º3Ô F ± Ê I h ÊN � 7 þ �r] u�Í FJ��I  t» , (6.4)

where
± Ò ] Ò ² is the scalar product of U .

Remark 6.2 The Eq.(6.4) is useful because it relates the expectation of
u Ô to that

of Ô . In order to fully exploit (6.4) we will need to get rid of the factor ³E´ ±µÊ
. This

will be possible by a clever choice of 7 . This procedure is explained for example in
[Nor86] but we will need a new variant of his results because of the high-frequency
part. In the sequel, we will proceed in two steps. We need only bounds on

u � Ô , since
the smoothness of the high-frequency part follows by other means. Thus, it suffices to
construct ³ ´ ± Ê

in such a way that � � ³ ´ ±µÊ
is invertible, where � � is the orthogonal

projection onto S � . The construction of � � ³ ´ ± Ê
follows closely the presentation

of [Nor86]. However, we also want � � ³ ´ ± Ê : G and this elimination of the high-
frequency part seems to be new.

Proof. The finite dimensional case is stated (with slightly different assumptions on Æ )
in [Nor86]. The extension to the infinite-dimensional setting can be done without major
difficulty. By A1–A2 and Theorem 8.9, we ensure that all the expressions appearing
in the proof and the statement are well-defined. By A2, we can use Itô’s formula to
ensure the validity of the assumptions for the infinite-dimensional version of Girsanov’s
theorem [DPZ96].

6.1 The Construction of 7
In order to use Proposition 6.1 we will construct 7 : F 7 � ] 7 � I in such a way that the
high-frequency part of ³ ´ É Ê : F ³ ´ É Ê � ] ³ ´ É Ê � I vanishes. This construction is new
and will be explained in detail in this subsection.
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Notation. The equations which follow are quite involved. To keep the notation at a
reasonable level without sacrificing precision we will adopt the following conventions:F u �)Æ�� I Ê Ù F u ��Æ�� I Û ÉËÊ ,F u �)È�� I Ê Ù F u �5È�� I Û É Ê ,

and similarly for other derivatives of the È and the Æ . Furthermore, the reader should
note that

u � È � is a linear map from S � to the linear maps S � d S � and therefore,
below, F u � È � I0� with �AQ S � is a linear map S � d S � . The dimension of S � is}  ÂÁ .

Inspired by [Nor86], we define the } ¡ } matrix-valued stochastic processes ¼ Ê� and½ Ê� by the following SDE’s, which must hold for every �xQTS � :u ¼ Ê� � : B Ç)�¾¼ Ê� � u ��?iF u ��Æ�� I Ê ¼ Ê� � u ��? m F u �)È�� I Ê ¼ Ê� � t u�Í � F2��I ,¼ N� :"¿�Q�� F2S � ]YS � I , (6.5a)u ½ Ê� � : ½ Ê� Ç � � u �pB ½ Ê� F u � Æ � I Ê � u �pB ½ Ê� m F u � È � I Ê � t u5Í � F2��I? ~ l V�
� � N

½ Ê� Ú F u � È � I Ê m F u � È � I Ê � t � � Ü � � u � ,½ N� :"¿�Q�� F2S � ]YS � I�v (6.5b)

The last term in the definition of
½ Ê� will be written as~ l V�

� � N
½ Ê� m F u �5È � � I Ê,t g � u � ,

where È � � is the |JÀÂÁ column of the matrix È�� .
For small times, the process ¼ Ê� is an approximation to the partial Jacobian

u � É Ê � ,
and

½ Ê� is an approximation to its inverse.
We first make sure that the objects in (6.5) are well-defined. The following lemma

summarizes the properties of ¼ � and
½ � which we need later.

Lemma 6.3 The processes ¼ Ê� and
½ Ê� satisfy the following bounds. For every ú � z

and all ö ´ G there is a constant ÷ � � � � ê independent of the initial data (for
É Ê

) such
that

E supÊ �eÿ N�� � � m f ¼ Ê� f � ? f ½ Ê� f ��t · ÷ � � � � ê , (6.6a)

E m supÊ �eÿ N�� � � f ½ Ê� B@¿ f � t · ÷ � � � � ê ! � ° g , (6.6b)

for all !   ö . Furthermore,
½ � is the inverse of ¼ � in the sense that

½ Ê� : F ¼ Ê� I l V
almost surely
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Proof. The bound (6.6a) is a straightforward application of Theorem 8.9 whose condi-
tions are easily checked. (Note that we are here in a finite-dimensional, linear setting.)
To prove (6.6b), note that ¿ is the initial condition for

½ � . One writes (6.5b) in its
integral form and then the result follows by applying (6.6a). The last statement can be
shown easily by applying Itô’s formula to the product

½ Ê� ¼ Ê� . (In fact, the definition of½ � was precisely made with this in mind.)

We continue with the construction of 7 . Since Ç and È are diagonal with respect
to the splitting Sü:ÅS � *AS � , we can write (6.3) asu ³l´ ÉËÊ � : Ú B Ç)�l³l´ ÉËÊ � ?iF u ��Æ�� I Ê ³¹´ ÉËÊ � (6.7a)?iF u � Æ � I Ê ³ ´ É Ê � ? È Ê � 7 Ê� Ü u �? Ú F u � È � I Ê ³ ´ É Ê � Ü u�Í � F2��I? Ú F u � È � I Ê ³ ´ ÉÌÊ � Ü u�Í � F2��Ir]u ³ ´ É Ê � : Ú B Ç � ³ ´ É Ê � ?iF u � Æ � I Ê ³ ´ É Ê � (6.7b)?iF u �0Æ�� I Ê ³l´ ÉËÊ � ? È��07 Ê� Ü u � ,

with zero initial condition. Since we want to consider derivatives with respect to the
low-frequency part, we would like to define (implicitly) 7 Ê� as7 Ê� :¡B È l V� F u � Æ � I Ê ³ ´ É Ê � v
In this way, the solution of (6.7b) would be ³¹´ ÉÌÊ � Ù�G . We next would define the
“directions” 7 � and 7 � by 7 Ê� : m ½ Ê� È Ê � t � ,7 Ê� : B È l V� F u �5Æ�� I Ê ³l´ ÉÌÊ � ,

(6.8)

where ³¹´ ÉÌÊ � is the solution to (6.7a) with ³¹´ ÉÌÊ � replaced by G and 7¨� replaced by

m ½ Ê� È Ê � t � . Here, Ã �
denotes the transpose of the real matrix Ã .

The implict problem (6.8) can be somewhat simplified by the following device:
Since we are constructing a solution of (6.7) whose high-frequency part is going to
vanish, we consider instead the simpler equation for z Ê Q�� F4S � ]YS � I :u z Ê : Ú B Ç � z Ê ?iF u � Æ � I Ê z Ê ? È Ê � m ½ Ê� È Ê � t � Ü u �6? m F u � È � I Ê z Ê tMu�Í � F4�YI , (6.9)

with z N : G , and where we use again the notation Æ Ê : ÆKÛ ÉËÊ , and similar notation
for È .

The verification that (6.9) is well-defined and can be bounded is again a conse-
quence of Theorem 8.9 and is left to the reader. Given the solution of (6.9) we proceed
to make our definitive choice of 7 Ê� and 7 Ê� :
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Definition 6.4 Given an initial condition ÐkQ S ¶ (for
É Ê

) and a cutoff é   Á we
define 7 Ê : 7 Ê� * 7 Ê� by7 Ê� Ù m ½ Ê� È Ê � t � : m ½ Ê� F È � Û É Ê I t � ,7 Ê� Ù¡B È l V� F u � Æ � I Ê z Ê : B È l V� m F u � Æ � I Û É Ê I z Ê ,

(6.10)

where
É Ê

solves (5.3),
½ Ê� is the solution of (6.5b), and z Ê solves (6.9).

Lemma 6.5 The process 7 Ê satisfies for all ú � z and all � ´ G :

E Ú supþ �eÿ N�� Ê�� f 7 þ f�� Ü   ÷ Ê � � � ê m z¿? f Ð f ¶ I � ,

i.e., it satisfies assumption A2 of Proposition 6.1.

Proof. By Proposition 5.1 (B),
É Ê

is in S ¶ for all � � G . In Lemma 8.1 P6, it will
be checked that

u �)Æ¢� maps S ¶ into � F4S � ]YS ¶ , S � I and that this map has linear
growth. By the lower bound (1.6) on the amplitudes ¤ � , we see that È l V� is bounded
from S ¶ , S � to S � and thus the assertion follows.

We now verify that ³ ´ É Ê � Ù G . Indeed, consider the equations (6.7). This is a system
for two unknowns, Ä Ê : ³ ´ É Ê � and Ã Ê : ³ ´ É Ê � . For our choice of 7 Ê� and 7 Ê� this
system takes the formu Ä Ê : Ú B Ç � Ä Ê ?iF u � Æ � I Ê Ä Ê (6.11a)?iF u � Æ � I Ê Ã Ê ? È Ê � F ½ Ê� È Ê � I � Ü u �? Ú F u � È � I Ê Ä Ê Ü u�Í � F4�YI? Ú F u � È � I Ê Ã Ê Ü u�Í � F4�YIr]u Ã Ê : Ú B Ç)��Ã Ê ?iF u �5Æ�� I Ê Ä Ê (6.11b)?iF u �0Æ�� I Ê Ã Ê BÂF u �5Æ�� I Ê z Ê Ü u ��v
By inspection, we see that Ã Ê ÙÓG andu Ä Ê : m B Ç � Ä Ê ?�F u � Æ � I Ê Ä Ê,t u �/? m F u � È � I Ê Ä Ê,t u5Í � F2��I/? È Ê � F ½ Ê� È Ê � I � u � (6.12)

solve the problem, i.e., Ä Ê : z Ê , by the construction of z Ê . Applying the Itô formula
to the product

½ Ê� Ä Ê and using Eqs.(6.5b) and (6.12), we see immediately that we have
defined Ä Ê : ³ ´ É Ê � in such a way thatu m ½ Ê� ³ ´ É Ê � t : ½ Ê� È Ê � F È Ê � I � F ½ Ê� I � u � ,

because all other terms cancel. Thus we finally have shown
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Theorem 6.6 Given an initial condition ÐkQiS ¶ (for
É Ê

) and a cutoff é   Á , the
following is true: If 7 Ê is given by Definition 6.4 then³l´ ÉËÊ � : ¼ Ê� h ÊN ½ þ� m F È��)È �� I Û É þ t m ½ þ� t � u �µÙ ¼ Ê�)÷ Ê� ,³l´ É Ê � ÙÓG�v (6.13)

Definition 6.7 We will call the matrix ÷ Ê� the partial Malliavin matrix of our system.

7 The Partial Malliavin Matrix

In this section, we estimate the partial Malliavin matrix ÷ Ê� from below. We fix some
time � ´ G and denote by Å ~ the unit sphere in R ~ . Our bound is

Theorem 7.1 There are constants r ]ts � G such that for every ö ´ G and every ú � z
there is a ÷ � � � � ê such that for all initial conditions Ð½QÓS ¶ for the flow

ÉÌÊ
and all�   ö , one has

E Ú mÇÆÉÈ�Ê ÷ Ê� t l � Ü · ÷ � � � � ê � l�v � m z�? f Ð f ¶ t x � v
Corollary 7.2 There are constants r ]ts � G such that for every ö ´ G and everyú � z there is a ÷ � � � � ê such that for all initial conditions ÐCQ S ¶ for the flow

ÉÌÊ
and

all �   ö , one has, with 7 given by Definition 6.4:

E {{ m ³l´ É Ê � t l � {{ · ÷ � � � � ê � l�v � m z�? f Ð f ¶ t x � v
This corollary follows from F ³ ´ É Ê � I l V : F ÷ Ê� I l V ½ Ê� and Eq.(6.6a).
As a first step, we formulate a bound from which Theorem 7.1 follows easily.

Theorem 7.3 There are a r ´ G and a s ´ G such that for every ú � z , every �   ö
and every Ð>QTS g , one has

P º infË��¥Ì¾Í h ÊN {{ È þ� m ½ þ� t � � {{ g u �   ! » · ÷ � � � � ê ! � � lwv � F{z¿? f Ð f g I x �
,

with ÷ � � � � ê independent of Ð .
Proof of Theorem 7.1. Note that Î ÊN f È þ� F ½ þ� I � � f g u � is, by Eq.(6.13), nothing but the
quantity

± �r] ÷ Ê� � ² . Then, Theorem 7.1 follows at once.

The proof of Theorem 7.3 is largely inspired from [Nor86, Sect. 4], but we need
some new features to deal with the infinite dimensional high-frequency part. This will
take up the next three subsections.

Our proof needs a modification of the Lie brackets considered when we study the
Hörmander condition. We explain first these identities in a finite dimensional setting.
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7.1 Finite Dimensional Case

Throughout this subsection we assume that both S � and S � are finite dimensional and
we denote by Ï the dimension of S . The function È maps S to � F2Sw]YS×I , and we
denote by È � `�S d S its | ÀÂÁ column ( |R: G)]�v�v�v�] Ï BÅz ).6 Finally, ÐÆ is the drift (in
this section, we absorb the linear part of the SDE into ÐÆ : B Ç ? Æ , to simplify the
expressions). The equation for

É Ê
isÉ Ê F4Ð�I¯:KÐ\?�h ÊN m ÐÆÂÛ É þ t F2Ð�I u �n?�h ÊN¬Ñ l V�

� � N m
È � Û

É þ t F2Ð�I u�§ � F&��IËv
Let Ò `RS d S � be a smooth function whose derivatives are all bounded and

define Ò Ê : Ò Û ÉËÊ , ÐÆ Ê : ÐÆÂÛ ÉËÊ , and È Ê� : È � Û
ÉÌÊ

. We then have by Itô’s formulau Ò Ê :yF u Ò I Ê ÐÆ Ê�u �6? Ñ l V�
� � N

F u Ò I Ê È Ê�
u�§
� F2��I�? Vg Ñ l V�

� � N
F u g Ò I Ê F È Ê� ] È Ê� I u �Rv (7.1)

We next rewrite the equation (6.5) for
½ Ê� as:u ½ Ê� :¡B ½ Ê� F u � ÐÆ � I Ê u �pB ~ l V�

� � N
½ Ê� F u � È � I Ê u�§ � F4�YI�? ~ l V�

� � N
½ Ê� m F u � È � I Ê,t g u �Ëv

By Itô’s formula, we have therefore the following equation for the product
½ Ê�¾Ò Ê

:u m ½ Ê� Ò Ê,t :¡B ½ Ê� F u �ÓÐÆ � I Ê Ò Ê u �pB ½ Ê� ~ l V�
� � N

F u � È � I Ê Ò Ê u�§
� F2��I? ½ Ê� ~ l V�

� � N m
F u �eÈ � I Ê~t g Ò Ê�u ��? ½ Ê� F u Ò I Ê ÐÆ Ê�u �

? ½ Ê� Ñ l V�
� � N

F u Ò I Ê È Ê�
u�§
� F2��I (7.2)

? Vg ½ Ê� Ñ l V�
� � N

F u g Ò I Ê F È Ê� ] È Ê� I u �B ½ Ê� ~ l V�
� � N

F u � È � I Ê F u Ò I Ê È Ê�
u ��v

By construction,
u � È � : G for | � } and therefore we can extend all the sums above

to Ï B�z .
The following definition is useful to simplify (7.2). Let Ç `�Süd S and Ô `!S dS � be two functions with continuous bounded derivatives. We define the projected Lie

bracket X Ç ] Ô _ � `�Süd S � byX Ç ] Ô _ � F2q�IJ: � � X Ç ] Ô _,F2qrIp: m u Ô F2q�I t Ç F2q�I0B m u � Ç � F2qrI t Ô F2qrI�v
6There is a slight ambiguity of notation here, since Õ×Ö really means Õ'Ø�Ù Ö which is not the same as Õ'Ø .
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A straightforward calculation then leads tou m ½ Ê�¾Ò Ê,t : ½ Ê� Ú X ÐÆ ] Ò _ Ê � ? Vg Ñ l V�
� � N�Ú È � ]�X È � ] Ò _ �BÛ Ê � Ü u �

? ½ Ê� Ñ l V�
� � N

X È � ] Ò _ Ê � u�§
� F2��I (7.3)

? Vg ½ Ê� Ñ l V�
� � N

Ú m F u � È � I Ê t�g Ò Ê BÂF u Ò I Ê F u È � I Ê È Ê�?iF uÜu �5È � I Ê F È Ê� ] Ò Ê I Ü u �¿v
Note next that for |   } , both Ò and È � map to S � and therefore

uÜu �eÈ � F È � ] Ò IR:uxg� È � F È � ] Ò I when |   } and it is G otherwise. Similarly, F u Ò I�F u È � I È � equalsF u Ò I�F u � È � I È � when |   } and vanishes otherwise. Thus, the last sum in (7.3) only
extends to } B½z .

In order to simplify (7.3) further, we define the vector field ÝÆ `!Süd S byÝÆ : ÐÆ B Vg ~ l V�
� � N

F u �eÈ � I È � v
Then we getu m ½ Ê� Ò Ê t : ½ Ê� Ú X ÝÆ ] Ò _ Ê � ? Vg Ñ l V�

� � N Ú È � ]�X È � ] Ò _ � Û Ê � Ü u ��? ½ Ê� Ñ l V�
� � N

X È � ] Ò _ Ê � u�§ � F2��I�v
This is very similar to [Nor86, p. 128], who uses conventional Lie brackets instead ofX Ò ] Ò _ � .

7.2 Infinite Dimensional Case

In this case, some additional care is needed when we transcribe (7.1). The problem is
that the stochastic flow

ÉcÊ
solves (5.4) in the mild sense but not in the strong sense.

Nevertheless, this technical difficulty will be circumvented by choosing the initial con-
dition in S ¶ . We have indeed by Proposition 5.1 (A) that if the initial condition is inS � with \ Q�XZz!] ¹ _ , then the solution of (5.4) is in the same space. Thus, Proposi-
tion 5.1 allows us to use Itô’s formula also in the infinite dimensional case.

For any two Banach (or Hilbert) spaces � V , � g , we denote by Þ F#� V ]�� g I the
set of all ì ¾ functions � V d � g , which are polynomially bounded together with
all their derivatives. Let Ò Q Þ F4Sw]YS � I and Ã Q Þ F4Sw]YS×I . We define as aboveX Ã ] Ò _ � Q Þ F2Sw]YS � I byX Ã ] Ò _ � F2qrIJ: m u Ò F2qrI t Ã F2qrI0B m u ��Ãß� F2qrI t Ò F4q�I¿v
Furthermore, we define X Ç ] Ò _ � Q Þ FÂà×F Ç I+]YS � I by the corresponding formula, i.e.,X Ç ] Ò _ � F4q�IJ: m u Ò F4q�I t Ç q�B Ç � Ò F2q�I ,
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where Ç : z�BÅ< . Notice that if Ò is a constant vector field, i.e.,
u Ò : G , thenX Ç ] Ò _ � extends uniquely to an element of Þ F2Sw]YS � I .

We choose again the basis � � � �
¾
� � N of Fourier modes in S (see Eq.(1.5)) and defineu�§

� F2��IJ:
± � � ]

u5Í F2��I ² . We also define the stochastic process Ò Ê F4Ð�IJ:yF ÒÓÛ ÉËÊ I�F2Ð�I andÝÆ : Æ B Vg ~ l V�
� � N

F u � È � I È � ,

where È � F2qrIJ: È F2qrI � � . Then one has

Proposition 7.4 Let Ð�Q×S V and Ò Q Þ F2Sw]YS � I . Then the equality½ Ê� F2Ð�I Ò Ê F2Ð�I¯: Ò F2Ð�I�? h ÊN ½ þ� F2Ð�I ¾�
� � N

X È � ] Ò _ þ� F2Ð�I u�§ � F&��I? h ÊN ½ þ� F2Ð�I Ú B X Ç ] Ò _ þ� F4Ð�I�?iX ÝÆ ] Ò _ þ� F2Ð�I Ü u �
? Vg h ÊN ½ þ� F2Ð�I ¾�

� � N Ú È � ]�X È � ] Ò _ �IÛ þ� F4Ð�I u � ,

holds almost surely. Furthermore, the same equality holds if Ð�Q�S g and Ò QÞ F4S V ]YS � I .
Note that by X Ç ] Ò _ þ� F4Ð�I we mean Ú u Ò m É þ F2Ð�I t Ü m Ç É þ F2Ð�I t B Ç � Ò m É þ F2Ð�I t .Proof. This follows as in the finite dimensional case by Itô’s formula.

7.3 The Restricted Hörmander Condition

The condition for having appropriate mixing properties is the following Hörmander-
like condition.

Definition 7.5 Let á : �QÒ L � P �ãâ� � V be a collection of functions in Þ F2Sw]YS � I . We say
that á satisfies the restricted Hörmander condition if there exist constants � ]�$ ´ G
such that for every �xQTS � and every z QTS one has

supäµ�¥å infæ � lwç æ�ò�è ± �&] Ò F4q�I ² g �é� f � f+g v (7.4)

We now construct the set á for our problem. We define the operator X Ã N�] Ò _ � `Þ F4S��e]YS � Ind Þ F2S�� � V ]YS � I byX Ã N ] Ò _ � :¡B�X Ç ] Ò _ � ?�X Æ ] Ò _ � ? Vg
¾
�
� � N Ú È � ]�X È � ] Ò _ �IÛ � B Vg ~ l V�

� � N Ú F u �5È � I È � ] ÒêÛ � v
This is a well-defined operation since È is Hilbert-Schmidt and

u È is finite rank and
we can write

¾
�
� � NMÚ È � ]�X È � ] Ò _ �IÛ � : ¾

�
� � N m

u g Ò t F È � ] È � I6?ië ,

with ë a finite sum of bounded terms.
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Definition 7.6 We define

– á N : ��È � ] with |0:ÓG)]�v�v�v�] } B�z�� ,
– á V : � X Ã N�] È � _ � ] with |p: � � ]�v�v�v�] } B�z�� ,
– á � : � X È � ] Ò _ � ] with Ò Q á � l V and |0: ��� ]�v�v�v+] } B�z�� , when � ´ z .

Finally, á : á N 2 Ò�Ò�Ò 2 á E v 7
Remark 7.7 Since for | � � � the È � are constant vector fields, the quantity X Ã N�] Ò _
is in Þ F2Sw]YS � I and not only in Þ F2S V ]YS � I . Furthermore, if Ò Q á then

u % Ò is
bounded for all ì � G .

We have

Theorem 7.8 The set á constructed above satisfies the restricted Hörmander con-
dition for the cutoff GL equation if é is chosen sufficiently large. Furthermore, the
inequality (7.4) holds for $i: é º � . Finally, � ´ � N ´ G for all sufficiently large é .
Proof. The basic idea of the proof is as follows: The leading term of Æ is the cubic
term 9 

with í :"/ . Clearly, if | V , | g , | E are any 3 modes, we find

Ú � � � ]�X � � � ]�Xó9î�d 93E�] � � � _ � _ � Û � : �����ï � � ï � � ï � � ÷ � � � � � , (7.5)

where the � � are the basis vectors of S defined in (1.5), and the ÷ � are non-zero com-
binatorial constants. By Lemma 3.3 the following is true: For every choice of a fixed� the three numbers | V , | g , and | E of . � satisfy

– For ì : z!] � ]0/ one has |#% Q ����� ]�v�v�v+] } B½z�� .
– If o � o�  � � exactly one of the six sums 5 | V 5 | g 5 | E lies in the set � G)]�v�v�v/] � � BTz��

and exactly one lies in � B F � � B�z�I�]�v�v�v+]/G5� .
In particular, the expression (7.5) does not depend on 9 . If instead of 9 E we take a
lower power, the triple commutator will vanish.

The basic idea has to be slightly modified because of the cutoff é . First of all, the
constant $ in the definition of the Hörmander condition is set to $�: é º � . Consider
first the case where

f q f �ñð é º � . In that case we see from (4.1) that the È ê � � , viewed
as vector fields, are of the form

È ê � � F2qrI : j F ¤ � ?Kz�I � � ] if |   ��� ,¤ � � � ] if | � ��� .
Since these vectors span a basis of S � the inequality (7.4) follows in this case (already
by choosing only Ò Q á N ).

Consider next the more delicate case when
f q f · ð é º � .7The number 3 is the power 3 in ã�ç .
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Lemma 7.9 For all
f q f · / é one has for � | V ]^| g ]^| E � : . � the identity

Ú � � � ]�X � � � ]�X Ã N ] � � � _ � _ �BÛ � F2q�IJ: �����ï � �òï � ��ï � � ÷ � �)� � � ?në ê F2q�I , (7.6)

where ë ê satisfies a bound f ë ê F2q�I f · ÷�é l V ,

with the constant ÷ independent of q and of �   �)� .
Proof. In X Ã N�] Ò _ � there are 4 terms. The first, Ç , leads successively to X Ç ] � � � _ � :F{zr?T| gE I � � � , which is constant, and hence the Lie bracket with � � � vanishes. The second
term contains the non-linear interaction Æ ê . Since

f q f · / é one has Æ ê F2qrIµ: Æ F4q�I .
Thus, (7.5) yields the leading term of (7.6). The two remaining terms will contribute
to ë ê F4q�I . We just discuss the first one. We have, using (4.1),

X È ê � � ] � � � _ � F4q�IJ: B u È ê � � F2qrI � � � : B zé q s F f q f º é I ± qM] � � � ²f q f � � Ä � � v
This gives clearly a bound of order é l V for this Lie bracket, and the further ones are
handled in the same way.

We continue the proof of Theorem 7.8. When �   � � , we consider the elements ofá E . They are of the form

Ú È ê � � � ]�X È ê � � � ]�X Ã N ] È ê � � � _ � _ � Û � F4q�IJ: ¤ � � ¤ � � ¤ � � Ú �����ï � �Sï � ��ï � � ÷ � �)� � � ?ië ê F2qrI Ü v
Thus, for é : Á these vectors together with the È � with |nQ ����� ]�v�v�v+] } BDz�� span S �
(independently of z with

f z f · / é ) and therefore (7.5) holds in this case, if
f q f ·ð é º � and $=: é º � . The assertion for finite, but large enough é follows immediately by

a perturbation argument. This completes the case of
f q f · ð é º � and hence the proof

of Theorem 7.8.

Proof of Theorem 7.3. The proof is very similar to the one in [Nor86], but we have to
keep track of the qM]Y� -dependence of the estimates. First of all, choose q=QKS g and��Q FHG)]Y� N _ .

From now on, we will use the notation ó F&seI as a shortcut for ÷ F{zR? f q f�x g I , where
the constant ÷ may depend on � N and ú , but is independent of q and � . Denote by $
the constant found in Theorem 7.8 and define the subset Õ � of S g byÕ � : ® z Q×S g ` f z B q f · $ and

f z f � · f q f � ?Åz for \ :¡z!] � ¯ v
We also denote by ÕµF#¿5I a ball of (small) radius ó F{z�º } I centered at the identity in the
space of all } ¡ } matrices. (Recall that } is the dimension of S � , and that Ò Q á
maps to S � .) We then have a bound of the type

supç �¥ô�õ supäµ�¥å ¾
�
� � N {{ X È � ] Ò _ � F z I {{ g · ó F�G�IËv (7.7)
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This is a consequence of the fact that È È � is trace class and thus the sum converges
and its principal term is equal to

Tr m È � F z I m u Ò t � F z I m u Ò t F z I È F z I t: Tr m�m u Ò t F z I È F z I È � F z I m u Ò t � F z I t: ~ l V�
� � N

f È � F z I m u Ò t � F z I � � f g · ÷ ê v
The last inequality follows from Remark 7.7. The other terms form a finite sum con-
taining derivatives of the È � and are bounded in a similar way.

We have furthermore bounds of the type

supç �¥ô�õ supäµ�¥å {{ X Ã N ] Ò _ � F z I {{ g · ó F&seI ,

supç �¥ô õ supä �¥å {{-Ú Ã N ]�X Ã N ] Ò _ �BÛ � F z I {{ g · ó F&seI ,

supç �¥ô�õ supäµ�¥å ¾
�
� � N {{�Ú È � ]�X Ã N�] Ò _ � Û � F z I {{ g · ó F&seI ,

(7.8)

where s :¡z .
Let Å � be the unit sphere in S � . By the assumptions on á and the choice of ÕµF#¿5I

we see that:

(A) For every � N Q Å � , there exist a Ò Q á and a neighborhood ö of � N in Å � such
that

infç �¥ô õ inf÷J�¥ô L�ø/P infË!�ãù ± ½ Ò F z I+]d� ² g � � � ,

with � the constant appearing in (7.4).

Next, we define a stopping time � by � : min � ��]�� V ]�� g � with� V : inf ® � � G ` É þ F4q�IE>Q¨Õ � ¯ ,� g : inf ® � � G ` ½ þ� F2qrI)>QTÕµF#¿5I ¯ ,�   ö as chosen in the statement of Theorem 7.3 v
It follows easily from Proposition 5.1 (E) that the probability of � V being small (mean-
ing that in the sequel we will always assume ! · z ) can be bounded by

P F#� V   ! I · ÷ � F{z¿? f q f g I V=� � ! �
,

with ÷ � independent of q . Similarly, using Lemma 6.3, we see that

P F#� g   ! I · ÷ � ! � v
Observing that P F2�   ! I   � l � ! �

and combining this with the two estimates, we get
for every ú � z :

P m �   ! t · ó F{zQ? ú I,� l � ! � v
From this and (A) we deduce
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(B) for every � N Q Å � there exist a Ò Q á and a neighborhood ö of � N in Å � such
that for !   z ,

supË!�ãù P º h �N � ½ þ� F2qrI Ò þ F2qrI+]d�   g u � · ! » · P F#�   � ! º � I · ó F«zQ? ú I«� l � ! �
,

with � the constant appearing in (7.4).

Following [Nor86], we will show below that (B) implies:

(C) for every � N Q Å � there exist an |nQ ��� � ]�v�v�v�] } B z�� , a neighborhood ö of � N inÅ � and constants s5] r ´ G such that for !   z and ú ´ z one has

supË!�ãù P º h �N � ½ þ� F2qrI È þ� F2qrI+]d�   g u � · ! » · ó F&s ú I«� lwv � ! � v
Remark 7.10 Note that for small

f q f , È � F2qrI�: È � � ê F2qrI may be 0 when |   � � , but
the point is that then we can find another | for which the inequality holds.

By a straightforward argument, given in detail in [Nor86, p. 127], one concludes that
(C) implies Theorem 7.3.

It thus only remains to show that (B) implies (C). We follow closely Norris and
choose a Ò Q á such that (B) holds. If Ò happens to be in á N then it is equal to a È � ,and thus we already have (C). Otherwise, assume Ò Q á % with ì � z . Then we use a
Martingale inequality.

Lemma 7.11 Let S be a separable Hilbert space and
Í F2��I be the cylindrical Wiener

process on S . Let ¼ Ê be a real-valued predictable process and \ Ê , ú Ê be predictableS -valued processes. Define} Ê :Ó}5NR?�h ÊN ¼ þ u �¿?�h ÊN ± \ þ ] u5Í F&��I ² ,� Ê :Ó�NR? h ÊN } þ u ��? h ÊN ± ú þ ] u5Í F&��I ² v
Suppose � · � N is a bounded stopping time such that for some constant ÷ N  ¡Á we
have

supN � þ � � ® o ¼ þ o ] o } þ o ] f ú þ f ] f \ þ f ¯ · ÷ N v
Then, for every ú ´ z , there exists a constant ÷ � � Ê D such that

P Ú h �N FH� þ I g6u �   ! g N and h �N m o } þ o g ? f ú þ f+g t u � � ! Ü · ÷ � � Ê D F{z¿? ÷û�N I � ! �
,

for every ! · z .
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Proof. The proof is given in [Nor86], but without the explicit dependence on ÷ N . If we
follow his proof carefully we get an estimate of the type

P Ú h �N FH� þ I g�u �   !�V N and h �N m o } þ o g ? f ú þ f+g t u � � F{z0? ÷ EN I ! Ü · ÷ V F{z0? ÷�V gN I � ! � v
Replacing ! by ! g and making the assumption !   z�ºeF{zË? ÷ EN I , we recover our state-
ment. The statement is trivial for ! ´ z�ºeF«zµ? ÷ EN I , since any probability is always
smaller than z .
We apply this inequality as follows: Define, for Ò N Q á ,} Ê F2qrIJ: � ½ Ê� m X Ã N�] Ò N _ Ê � t F4q�I+]d�   ,� Ê F2qrIJ: � ½ Ê� Ò ÊN F4q�I+]d��  ,

¼ Ê F2qrIJ: � ½ Ê� m Ú Ã N ]�X Ã N ] Ò N _ � Û Ê � t F2qrI+]d�   ,F \ Ê I � F2qrIJ: � ½ Ê� m Ú È � ]�X Ã N�] Ò N _ � Û Ê � t F2q�I�]d�w  ,F ú Ê I � F2qrIJ: � ½ Ê� m X È � ] Ò N _ Ê � t F2qrI+]d�� µv
In this expression, ú Ê F2q�I�QÂS , F ú Ê I � F4q�I@: ± ú Ê F2qrI+] � � ² and similarly for the \ Ê . It is
clear by Proposition 7.4, Eq.(7.7), and Eq.(7.8) that the assumptions of Lemma 7.11
are satisfied with ÷ N : ó F&seI for some s ´ G .

We continue the proof that (B) implies (C) in the case when Ò Q á % , with ì :Wz .
Then, by the construction of á % with ì � z , there is a Ò N Q á % l V such that we have
either Ò : X È � ] Ò N _ � for some |�Q ����� ]�v�v�v+] } B z�� , or Ò : X Ã N ] Ò N _ � . In fact,
for ì : z only the second case occurs and Ò N : È � for some | , but we are already
preparing an inductive step. Applying Lemma 7.11, we have for every ! · z :

P º h �N � ½ þ� Ò þN F2q�I�]d�w  g6u �   ! and h �N Ú � ½ þ� X Ã N�] Ò N _ þ� F2qrI+]d�w  g
?
¾
�
� � N � ½ þ� X È � ] Ò N _ þ� F4q�I+]d��  g Ü u � � !�V«° g N�» · ó FJ?Is ú I ! � ° g N v

Since the second integral above is always larger than Î �N � ½ Ê�¾Ò Ê F2qrI+]d��  g u � , the prob-

ability for it to be smaller than ! V«° g N is, by (B), bounded by ó F{zQ? ú I,� l � ! � ° g N . This
implies (replacing s by max � ?Is5]�zQ?5� ) that

P Ú h �N � ½ þ� Ò þN F2qrI+]d�   g£u �   ! Ü · ó F&s ú I«� l � ! � ° g N v
Since for ì : z we have Ò N : È � with |µQ ��� � ]�v�v�v�] } BÂz�� , we have shown (C) in
this case. The above reasoning is repeated for ì : �

and ì :ñ/ , by iterating the above
argument. For example, if Ò : X È � � ]�X Ã N�] È � � _ � _ � ,with | V ]^| g Q ��� � ]�v�v�v�] } B=z�� ,
we apply Lemma 7.11 twice, showing the first time that

± X Ã N ] È � � _ � ]d� ² g is unlikely to

be small and then again to show that
± È � � ]d� ² g is also unlikely to be small (with other

powers of ! ), which is what we wanted. Finally, since every Ò used in (B) is in á , at
most 3 such invocations of Lemma 7.11 will be sufficient to conclude that (C) holds.
The proof of Theorem 7.3 is complete.
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7.4 Estimates on the Low-Frequency Derivatives (Proof of Proposition 5.3)

Having proven the crucial bound Theorem 7.1 on the reduced Malliavin matrix, we can
now proceed to prove Proposition 5.3, i.e., the smoothing properties of the dynamics
in the low-frequency part. For convenience, we restate it here.

Proposition 7.12 There exist exponents r ]ts ´ G such that for every Ô Q ì gÖ F4S×I , everyÐ>QTS ¶ and every ö ´ G , one has{{{ E Ú m u � ÔTÛ ÉÌÊ,t F2Ð�I�F u � ÉËÊ � I�F2Ð�I Ü {{{ · ÷ � � l�v m z�? f Ð f x¶ t5f Ô f � y , (7.9)

for all �ËQýF�G)] ö _ .
Proof. The proof will use the integration by parts formula (6.4) together with The-
orem 7.1. Fix ÐÅQ S ¶ and � ´ G . In this proof, we omit the argument Ð to gain
legibility, but it will be understood that the formulas do generally only hold if evalu-
ated at some Ð�Q×S ¶ . We extend our phase space to include

u � É Ê , ½ Ê� and ³ ´ É Ê � . We
define a new stochastic process

± Ê
by± Ê : m É Ê ] ³ ´ É Ê � ] u � É Ê ] ½ Ê� t Q ÝS :ÅSm* R ~�üý~ * S ~ * R ~�ü ~ v

Applying the definitions of these processes, we see that
± Ê

is defined by the au-
tonomous SDE given byu5É Ê :¡B Ç É Ê u �6? Æ F É Ê I u ��? È F É Ê I u�Í F4�YI ,uIu � É Ê :¡B Ç u � É Ê u ��? u Æ F É Ê I u � É Ê u �6? u È F É Ê I u � É Ê u5Í F2��I ,u ½ Ê� : ½ Ê� Ç � u �pB ½ Ê� u � Æ � F É Ê I u �MB ½ Ê� u � È � F É Ê I u�Í � F4�YI? ½ Ê� ~ l V�

� � N m
u �eÈ � � F É Ê I t g u � ,u ³ ´ É Ê � :¡B Ç � ³ ´ É Ê � u ��? u � Æ � F É Ê I ³ ´ É Ê � u �6? È � F É Ê I g F ½ Ê� I � u �? u �eÈ�� F ÉÌÊ I ³l´ ÉÌÊ � u�Í � F2��I�v

This expression will be written in the short formuU±µÊ :¡B ÝÇ ± Ê�u �6? ÝÆ F ± Ê I u ��? ÝÈ F ± Ê I u�Í F2��I ,

with
± Ê Q ÝS and

u�Í F4�YI the cylindrical Wiener process on S . It can easily be verified
that this equation satisfies assumption A1 of Proposition 6.1. We consider again the
stochastic process 7 Ê QTS defined in (6.10). It is clear from Lemma 6.5 that 7 Ê satisfies
A2. With this particular choice of 7 , the first component of ³ ´ ± Ê

(the one in S ) is
equal to ³ ´ ÉÌÊ � *kG .

We choose a function Ô Q ì gÖ3F4S×I and fix two indices |�] � Q � G)]�v�v�v�] } B z�� . DefinegÔ � � � ` ÝS d R by gÔ � � � F ± Ê In: ~ l V�% � N Ô F ÉÌÊ I m F ³l´ ÉÌÊ � I l V t � � % m u � ÉÌÊ � t % � � ,
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where the inverse has to be understood as the inverse of a square matrix. By Theo-
rem 7.1, gÔ � � � satisfies the assumptions of Proposition 6.1. A simple computation gives

for every �xQ R ~ the identity:u gÔ � � � F ± Ê I ³ ´ ± Ê � : u � Ô F É Ê I m ³ ´ É Ê � � t m F ³ ´ É Ê � I l V t � � % m u � É Ê � t % � �? Ô F É Ê I m F ³ ´ É Ê � I l V F ³ g´ É Ê � �eI�F ³ ´ É Ê � I l V t � � % m u � É Ê � t % � �? Ô F ÉÌÊ I m F ³l´ u � ÉËÊ � I0� t
� � % m F ³l´ ÉËÊ � I l V t % � � , (7.10)

where summation over ì is implicit. We now apply the integration by parts formula in
the form of Proposition 6.1. This gives the identity

E m u gÔ � � � F ± Ê I ³l´ ± Ê � t : E Ú gÔ � � � F ± Ê I h ÊN � 7 þ �&] u5Í F&��I0  Ü v
Substituting (7.10), we find

E Ú u � Ô F É Ê I m ³ ´ É Ê � � t m F ³ ´ É Ê � I l V t � � % m u � É Ê � t % � � ÜT:B E Ú Ô F ÉËÊ I m F ³l´ ÉËÊ � I l V F ³ g´ ÉËÊ � �æI�F ³¹´ ÉÌÊ � I l V t � � % m u � ÉËÊ � t % � � ÜB E Ú Ô F ÉËÊ I m F ³l´ u � ÉËÊ � I0� t
� � % m F ³¹´ ÉÌÊ � I l V t % � � Ü? E Ú Ô F É Ê I m F ³l´ É Ê � I l V t � � % m u � É Ê � t % � � h ÊN � 7 þ �r] u�Í F&��I   Ü v

The summation over the index ì is implicit in every term. We now choose �;: � � and
sum over the index | . The left-hand side is then equal to

E Ú m u � Ô F É Ê I t�u � É Ê � � � Ü ,

which is precisely the expression we want to bound. The right-hand side can be
bounded in terms of

f Ô f �By and of E m F ³¹´ ÉÌÊ � I l À t (at worst). The other factors are
all given by components of ³E´ ± Ê

and can therefore be bounded by means of Theo-
rem 8.9. Therefore, (7.9) follows. The proof of Proposition 7.12 is complete.

8 Existence Theorems

In this section, we prove existence theorems for several PDE’s and SDE’s, in particular
we prove Proposition 5.1 and Lemma 5.4. Much of the material here relies on well-
known techniques, but we include the details for completeness.

We consider again the problemu�É Ê :¡B Ç É Ê u �6? Æ F É Ê I u �6? È F É Ê I u�Í F2��I , (8.1)

with
É N>:ÏÐ given. The initial condition Ð will be taken in one of the Hilbert spacesS � . We will show that, after some time, the solution lies in some smaller Hilbert space.

Note that we are working here with the cutoff equations, but we omit the index é .
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We will of course require that all stochastic processes are predictable. This means
that if we write � � F ¶ ]tþ½I , with þ some Banach space of functions of the intervalX G)] ö _ , we really mean that the only functions we consider are those that are measurable
with respect to the predictable ÿ -field when considered as functions over ¶ ¡ýX G)] ö _ .

We first state precisely what is known about the ingredients of (8.1).

Lemma 8.1 The following properties hold for Ç , Æ and È .

P1 The space S is a real separable Hilbert space and Ç `×à×F Ç ICd S is a self-
adjoint strictly positive operator.

P2 The map Æ `�Süd S has bounded derivatives of all orders.

P3 For every \ � G , Æ maps S � into itself. Furthermore, there exists a constantZ ´ G independent of \ and constants ÷�� � � such that Æ satisfies the boundsf Æ F2qrI f � · ÷�� � � m z¿? f q f � t , (8.2a)f Æ F2qrI¯B Æ F z I f � · ÷�� � � f qCB z f � m z¿? f q f � ? f z f � t � , (8.2b)

for all q and z in S � .

P4 There exists an ¹ ´ G such that for every q0]Yq V ]Yq g Q S the map È `ÌS d� F2Sw]YS×I satisfies{{ Ç ¶el E °^Ñ�È F4q�I {{ HS
· ÷ , {{ Ç ¶el E °^Ñ m È F2q V IpB È F4q g I t {{ HS

· ÷ f q V BDq g f ,

where
f¿Ò)f

HS denotes the Hilbert-Schmidt norm in S .

P5 The derivative of È satisfies{{ Ç ¶ m u È F2qrI t � {{ HS
· ÷ f � f , (8.3)

for every qM]d�xQTS .

P6 The derivative of Æ satisfies{{ m u Æ F4q�I t z {{ � · ÷ F«z�? f q f � I f z f � ,

for every qM] z QTS � .

Proof. The points P1, P2 are obvious. The point P4 follows from the definition (1.6)
of È and the construction of È ê in (4.1). To prove P3, recall that the map Æ : Æ ê of
the GL equation is of the typeÆ ê F�9&In: q m f 9 f ºeF#/ é I t Þ F�9&I ,

with Þ some polynomial and q Q ì ¾N F R I . The key point is to notice that the estimatef 9 7 f � · ÷ � m f 9 fnf 7 f � ? f 9 f � f 7 f�t
holds for every \ � G , where 9 7 denotes the multiplication of two functions. In partic-
ular, we have f 9 � f � · ÷ f 9 f � f 9 f � l V ,
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which, together with the fact that q has compact support, shows (8.2a). This also
shows that the derivatives of Æ in S � are polynomially bounded and so (8.2b) holds.
P6 follows by the same argument.

The point P5 immediately follows from the fact that the image of the operator

m u È F2qrI t � is contained in S � for every q0]d�xQ×S .

Remark 8.2 The condition P1 implies that � l�p Ê
is an analytic semigroup of contrac-

tion operators on S . We will use repeatedly the bound{{ � l�p Ê q {{ � · ÷ � � l � f q f v
We begin the study of (8.1) by considering the equation for the mild solution± F2��]YÐe] � I@: � lwp Ê Ð\? h ÊN � lwp L Ê l þ P Æ m ± F&�!]YÐe] � I t u �

?�h ÊN � lwp L Ê l þ P È m ± F&�!]YÐe] � I tru�Í FJ��] � I¿v (8.4)

The study of this equation is in several steps. We will consider first the noise term, then
the equation for a fixed instance of � , and finally prove existence and bounds.

We need some more notation:

Definition 8.3 Let S ¶ be as above the domain of Ç ¶ with the graph norm. We fix, once
and for all, a maximal time ö . We denote by S ¶� the space ì FYXóG)] ö _H]YS ¶ I equipped with
the norm f z f ¤ ¦� : supÊ �)ÿ N�� � � f z F2��I f ¶ v
We write S � instead of S×N� .

8.1 The Noise Term

Let z Qn� � F ¶ ]YS � I . (One should think of z as being z F4�YI�: É Ê
.) The noise term in

(8.4) will be studied as a function on � � F ¶ ]YS � I . It is given by the function
�

defined
as

m � F z I t F � I¯:Ó���d h ÊN � l�p L Ê l þ P È m z F � IF&��I t�u5Í F&��] � I¿v (8.5)

We will show that
� F z I is in � � F ¶ ]YS ¶� I when z is in � � F ¶ ]YS � I . The natural norm

here is the � �
norm defined by

o o o � F z I o o o ¤ ¦� � � : © E � supÊ �)ÿ N�� � � f F � F z IYI Ê F � I f � ¶ « V«° � v
Proposition 8.4 Let S , Ç and È be as above and assume P1 and P4 are satisfied.
Then, for every ú � z and every ö   ö N one has

o o o � F z I o o o ¤ ¦� � � · ÷ � D ö � °�V=� v (8.6)
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Proof. Choose an element z Qm� � F ¶ ]YS � I . In the sequel, we will consider z as a
function over X G)] ö _�¡ ¶ and we will not write explicitly the dependence on ¶ .

In order to get bounds on
�

, we use the factorization formula and the Young in-
equality. Choose \ Q¡F«z�º ú ]�z�º�»�I . The factorization formula [DPZ92] then gives the
equality

m � F z I t F2��IJ: ÷ h ÊN F2�pB@��I � l V � l�p L Ê l þ P h þN F&�\B@ë�I l � � lwp L þ l�� P È F z FÂë!IYI u�Í F#ë�I u ��v
Since Ç commutes with � lwp Ê

, the Hölder inequality leads to{{ m � F z I t F2��I {{ � ¶ (8.7): ÷ {{{ h ÊN F4�pB[��Iò� l V � lwp L Ê l þ P h þN FJ�cB@ë!I l � Ç ¶ � l�p L þ l�� P È F z F#ë!IYI u�Í F#ë�I u � {{{ �
· ÷ � x h ÊN {{{ h þN F&�\B@ë!I l � Ç ¶ � l�p L þ l�� P È F z F#ë!IYI u�Í F#ë�I {{{ � u � ,

with s :yF úÉ\ B�z�IYºeF ú B�z�I . For the next bound we need the following result:

Lemma 8.5 [DPZ92, Thm. 7.2]. Let ë��d ± �
be an arbitrary predictable � g F2S×I -

valued process. Then, for every ú � �
, there exists a constant ÷ such that

E Ú {{{ h þN ± � u�Í F#ë�I {{{ � Ü · ÷ E Ú h þN f�± � f g
HS

u ë Ü � ° g v
This lemma, the Young inequality applied to (8.7), and P4 above imply

o o o � F z I o o o � ¤ ¦� � � : E Ú supN ò Ê òw� {{{ h ÊN Ç ¶ � l�p L Ê l þ P È m z F&��I t�u�Í F&��I {{{ � Ü
· ÷ ö x

E h �N {{{ h þN F&�ÌB@ë!I l � Ç ¶ � lwp L þ l�� P È m z F#ë�I t u5Í F#ë!I {{{ � u �
· ÷ ö x

E h �N Ú h þN FJ�cB@ë!I l g � {{ Ç ¶ � l�p L þ l�� P È m z F#ë�I t {{ gHS

u ë Ü � ° g u �
· ÷ ö x

E h �N Ú h þN FJ�cB@ë!I l g � {{ Ç E °^Ñ � l�p L þ l�� P {{ g {{ Ç ¶el E °^Ñ È m z F#ë!I t {{ gHS

u ë Ü � ° g u �
· ÷ ö x

E h �N Ú h þN FJ�cB@ë!I l g � l E °^À {{ Ç ¶æl E °^Ñ È m z F#ë�I t {{ gHS

u ë Ü � ° g u �
· ÷ ö x Ú h �N � l g � l E °YÀ u � Ü � ° g E h �N {{ Ç ¶el E °/Ñ È F z FJ��IYI {{ �

HS

u �
· ÷ ö V � x Ú h �N � l g � l E °^À u � Ü � ° g , (8.8)

provided \   z�º�» . We choose \ : z�º5zQ? (which thus imposes the condition ú ´ zQ? ),
and we find

o o o � F z I o o o � ¤ ¦� � � · ÷ ö V � xN ö � °�V=� v
Thus, we have shown (8.6) for ú ´ zQ? . Since we are working in a probability space the
case of ú � z follows. This completes the proof of Proposition 8.4.
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8.2 A Deterministic Problem

The next step in our study of (8.4) is the analysis of the problem for a fixed instance of
the noise � . Then (8.4) is of the form�6F4�+]YÐ)]/��I¯: � lwp Ê Ð�? h ÊN � lwp L Ê l þ P Æ m �6F&�!]YÐe]/��I t u ��?k�æF4�YI ,

where we assume that �>QTS ¶� . One should think of this as an instance of
� F É I , but at

this point of our proof, the necessary bounds are not yet available.
We find it more convenient to study instead of � the quantity 	 defined by 	 F2��]YÐe]/��I:ñ��F2��]YÐe]/��IMBý�æF2��I . Then 	 satisfies

	 F4�+]YÐ)]/��Ip: � l�p Ê Ð�? h ÊN � l�p L Ê l þ P Æ m 	 F&��]YÐ)]/��I&?½�æF&��I t£u � v (8.9)

We consider the solution (assuming it exists) as a map from the initial condition Ð and
the deterministic noise term � . More precisely, we define¸ F4Ðe]/��I Ê : 	 F2��]YÐe]/��Inv
This is a map defined on S ¡×S ¶� . Clearly, (8.9) reads:¸ F2Ðe]/��I Ê : � lwp Ê Ð\?�h ÊN � lwp L Ê l þ P Æ m ¸ F2Ðe]/��I þ ?½�æF&��I tMu � v (8.10)

To formulate the bounds on ¸ , we need some more spaces that take into account
the regularizing effect of the semigroup �+�d � l�p Ê

.

Definition 8.6 For \ � G the spaces 
 �� are defined as the closures of ì F�X G)] ö _�]YS���I
under the norm f z f���� : supÊ � LäN�� � � ��� f z F4�YI f � ? supÊ �eÿ N�� � � f z F2��I f v
Note that f z f���� · ÷ � � � f z f ¤  � v
With these definitions, one has:

Proposition 8.7 Assume the conditions P1–P4 are satisfied. Assume Ð¨QýS and �aQS ¶� . Then, there exists a map ¸ `�S8¡ÌS ¶� d S � solving (8.10). One has the following
bounds:

(A) If Ð>QTS � with \ · ¹ one has for every ö ´ G the boundf ¸ F2Ðe]/��I f ¤  � · ÷ � F{z�? f Ð f � ? f � f ¤  � IÌv (8.11)

(B) If Ð>QTS one has for every ö ´ G the boundf ¸ F2Ðe]/��I f�� ¦� · ÷ � F{z¿? f Ð f ? f � f ¤ ¦� I�v (8.12)
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Before we start with the proof proper we note the following regularizing bound:
Define

m ö ïrt F2��I�:�h ÊN � lwp L Ê l þ P ï FJ��I u � v (8.13)

Then one has:

Lemma 8.8 For every ! QýX G)]�z�I and every \ ´ ! there is a constant ÷ � � � such thatf ö ïJf���� · ÷ � � � ö f+ïRf � ����� ,

for all
ï Q 
 � l �� .

Proof. We start with{{ m ö ï t F4�YI {{ � · h Ê ° gN {{ Ç � � l�p L Ê l þ P ï F&��I {{ u �R? h ÊÊ ° g {{ Ç � � l�p L Ê l þ P Ç � l � ï F&��I {{ u �
· h Ê ° gN F2�0B¬��I l � f+ï F&��I fMu ��?�h ÊÊ ° g F2�MB¬��I l � f+ï F&��I f � l � u �
· h Ê ° gN F2�0B¬��I l � f+ïRf � ����� u ��? h ÊÊ ° g F2�0B¬��I l � � � l � f+ïRf � ����� u �
· ÷ � V l � f+ïRf ������� ? ÷ � V l � � � l � f+ïRf ������� v

Therefore, � � {{ m ö ïrt F2��I {{ � · ÷ ö f+ïRf � ����� . Similarly, we have

{{ m ö ïrt F2��I {{ · h ÊN {{ � l�p L Ê l þ P ï F&��I {{ u � · ÷ � f+ïRf ������� v
Combining the two inequalities, the result follows.

Proof of Proposition 8.7. We first choose an initial condition Ð Q�S�� and a function� QTS �� . The local existence of the solutions in S�� is a well-known result. Thus there
exists, for a possibly small time Ýö ´ G , a function 9¨Q ì FYXóG)] Ýö _�]YS � I satisfying9pF2��In: � l�p Ê Ð�?½h ÊN � l�p L Ê l þ P Æ m 90F&��I�?½�æFJ��I t£u � v
In order to get an a priori bound on

f 90F2��I f � we use assumption P3 and findf 9pF4�YI f � · f Ð f � ? ÷ � � � h ÊN m z�? f 90F&��I�?k�æF&��I f � t u �
· ÷ m z¿? f Ð f � ? f � f ¤  � t ? ÷�� � � h ÊN f 90F&��I f � u � v

By Gronwall’s lemma we get for �   ö ,f 9pF2��I f � · ÷ � F{z¿? f Ð f � ? f � f ¤  � IËv (8.14)
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Note that (8.14) tells us that if the initial condition Ð is in S � and if � is in S �� ,
then 90F2��I is, for small enough � , again in S � with the above bound. Therefore, we can
iterate the above reasoning and show the global existence of the solutions up to time ö ,
with bounds. Thus, ¸ is well-defined and satisfies the bound (8.11).

We turn to the proof of the estimate (8.12). Define for � QTS � the map � ñ by

m � ñ F2q�I t F2��In: � lwp Ê Ð\? h ÊN � lwp L Ê l þ P Æ m q¯F&��I�?½�æF&��I t u ��v (8.15)

Taking Ð¨Q S we see from (8.14) with \ :ÏG that there exists a fixed point 9 of � ñ
which satisfies f 9 f ¤ � : supÊ �eÿ N�� � � f 9pF4�YI f · ÷ � F{z¿? f Ð f ? f � f ¤ � IËv
Assume next that ��Q×S ¶� and hence a fortiori ��Q 
 ¶� . Then, by P3 one hasf Æ F2q>?k��I f���� · ÷ m z�? f q f���� ? f � f���� t v
Since 9 is a fixed point and (8.15) contains a term of the form of (8.13) we can apply
Lemma 8.8 and obtain for every \ · ¹ and ! Q X G)]�z�I :f 9 f �  ª �� : f � ñ F�9&I f �  ª �� · ÷ f Ð f ? ÷ ö f Æ F29@?k��I f � �· ÷ f Ð f ? ÷ � m z�? f 9 f � � ? f � f � � t v (8.16)

Thus, as long as
f � f ��� is finite, we can apply repeatedly (8.16) until reaching \ : ¹ ,

and this proves (8.12). The proof of Proposition 8.7 is complete.

8.3 Stochastic Differential Equations in Hilbert Spaces

Before we can start with the final steps of the proof of Proposition 5.1 we state in
the next subsection a general existence theorem for stochastic differential equations in
Hilbert spaces. The symbol S denotes a separable Hilbert space. We are interested in
solutions to the SDEu Ã Ê :yF{B ÇEÃ Ê ? Ï F4�+] � ] Ã Ê I6?�� Ê I u �r? Ô F2��] � ] Ã Ê I u5Í F2��I , (8.17)

where
Í F4�YI is the cylindrical Wiener process on a separable Hilbert space S N . We

assume Ô F2��] � ] Ã Ê IÌ`�S N d S is Hilbert-Schmidt. We will denote by ¶ the underlying
probability space and by ��� Ê � Ê Ã N the associated filtration.

The exact conditions spell out as follows:

C1 The operator Ç `¨à×F Ç I¯d S is the generator of a strongly continuous semigroup
in S .

C2 There exists a constant ÷ ´ G such that for arbitrary q0] z Q S , � � G and � Q ¶
the estimatesf Ï F2��] � ]Yq�I6B Ï F4�+] � ] z I f ? f Ô F2��] � ]Yq�I6B Ô F2��] � ] z I f HS

· ÷ f q;B z f ,f Ï F2��] � ]YqrI f+g ? f Ô F2��] � ]Yq�I f+gHS
· ÷ g F{z¿? f q f+g I ,

hold.
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C3 For arbitrary q0]d� QDS and � N QDS N , the stochastic processes
± Ï F Ò ] Ò ]YqrI+]d� ² and± Ô F Ò ] Ò ]YqrI0� N ]d� ² are predictable.

C4 The S -valued stochastic process � Ê
is predictable, has continuous sample paths,

and satisfies
supÊ �eÿ N�� � � E f � Ê f �  ÂÁ ,

for every ö ´ G and every ú � z .
C5 For arbitrary � ´ G and � Q ¶ , the maps q3�d Ï F4�+] � ]YqrI and q3�d Ô F4�+] � ]YqrI

are twice continuously differentiable with their derivatives bounded by a constant
independent of � , q and � .

We have the following existence theorem.

Theorem 8.9 Assume that Ð�Q×S and that C1 – C4 are satisfied.

– For any ö ´ G , there exists a mild solution Ã Ê£ of (8.17) with Ã N£ : Ð . This
solution is unique among the S -valued processes satisfying

P º h �N {{ Ã Ê£ {{ g6u �  ÂÁ » : z�v
Furthermore, Ã £ has a continuous version and is strongly Markov.

– For every ú � z and ö ´ G , there exists a constant ÷ � � � such that

E m supÊ �eÿ N�� � � {{ Ã Ê£ {{ ��t · ÷ � � � F{z¿? f Ð f�� I�v (8.18)

– If, in addition, C5 is satisfied, the mapping Ðß�d Ã Ê£ F � I has a.s. bounded partial
derivatives with respect to the initial condition Ð . These derivatives satisfy the
SDE’s obtained by formally differentiating (8.17) with respect to Ã .

Proof. The proof of this theorem for the case � Ê Ù G can be found in [DPZ96]. The
same proof carries through for the case of non-vanishing � Ê

satisfying C4.

8.4 Bounds on the Cutoff Dynamics (Proof of Proposition 5.1)

With the tools from stochastic analysis in place, we can now prove Proposition 5.1. We
start with the

Proof of (A). In this case we identify the equation (8.17) with (4.2) and apply Theo-
rem 8.9. The condition C1 of Theorem 8.9 is obviously true, and the condition C3 is
redundant in this case. The condition C2 is satisfied because Æ and È of (8.17) satisfy
P2–P4. Therefore, (8.18) holds and hence we have shown (5.1a) for the case of \ :ÓG .
In particular,

ÉÌÊ ê exists and satisfiesÉËÊ ê F2Ðe] � I@: � lwp Ê Ð ?kh ÊN � lwp L Ê l þ P Æ m É þ ê F2Ðe] � I t�u �
? h ÊN � lwp L Ê l þ P È m É þ ê F2Ðe] � I tru�Í FJ��I�v (8.19)
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We can extend (5.1a) to arbitrary \ · ¹ as follows. We set as in (8.5),

m � F É ê I t Ê F � I>: h ÊN � lwp L Ê l þ P È m É þ ê F4Ðe] � I t�u5Í F&��I¿v (8.20)

By Proposition 8.4, we find that for all ú � z one has

© E � supÊ �eÿ N�� � � f F � F É ê IYI Ê F � I f�� ¶ « V«° �   ÷ � � � (8.21)

for all Ð . From this, we conclude that, almost surely,

supÊ �eÿ N�� � � f F � F É ê IYI Ê F � I f ¶  ÂÁ v (8.22)

Subtracting (8.20) from (8.19) we getÉ Ê ê F2Ðe] � IMB m � F É ê I t Ê F � I�: � l�p Ê Ð�? h ÊN � l�p L Ê l þ P Æ m É þ ê F2Ðe] � I t u �
: � lwp Ê Ð\? h ÊN � lwp L Ê l þ P Æ Ú É þ ê F4Ðe] � IMB m � F É ê I t þ F � I6? m � F É ê I t þ F � I Ü u � v(8.23)

Comparing (8.23) with (8.10) we see that, a.s.,ÉÌÊ ê F2Ðe] � I£B m � F É ê I t Ê F � IJ: ¸ m Ðe] � m É ê F2Ðe] Ò I t F � I t v
We now use � as a shorthand:�æF2��I : Ú � m É ê F2Ðe] Ò I t Ü Ê F � IËv
Assume now ÐkQKS � . Note that by (8.22), �æF2��I is in S ¶ . If \ · ¹ , we can apply
Proposition 8.7 and from (8.11) we conclude that almost surely,

supÊ �)ÿ N�� � � f ¸ F4Ðe]/��I f � · ÷ � m z�? f Ð f � ? supÊ �eÿ N�� � � f � f � t v
Finally, since \ · ¹ , we find

E º supÊ �eÿ N�� � � f+É Ê ê F2Ð�I f � � » · ÷ E º supÊ �)ÿ N�� � � f ¸ F2Ðe]/��I Ê f � � » ? ÷ E º supÊ �eÿ N�� � � f �æF2��I f � � »
· ÷ � � � F{z¿? f Ð f � I � ? ÷ E º supÊ �)ÿ N�� � � f �æF2��I f�� � »
· ÷ � � � F{z¿? f Ð f � I � , (8.24)

where we applied (8.21) to get the last inequality. Thus, we have shown (5.1a) for all\ · ¹ . The fact that the solution is strong if \ � z is an immediate consequence of
[Lun95, Lemma 4.1.6] and [DPZ92, Thm. 5.29].
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Proof of (B). This bound can be shown in a similar way, using the bound (8.12) of
Proposition 8.7: Take ÐDQÂS . By the above, we know that there exists a solution to
(8.19) satisfying the bound (5.1b) with \ : G . We define �æF2��I and ¸ F2Ðe]/��I Ê as above.
But now we apply the bound (8.12) of Proposition 8.7 and we conclude that almost
surely,

supÊ �eÿ N�� � � � ¶ f ¸ F2Ðe]/��I f ¶ · ÷ � m z�? f Ð f ? supÊ �)ÿ N�� � � f � f ¶ t v
Following a procedure similar to (8.24), we conclude that (5.1b) holds.

Proof of (C). The existence of the partial derivatives follows from Theorem 8.9. To
show the bound, choose Ð¢Q S and �=Q S with

f � f : z , and define the process±µÊ : m uxÉÌÊê F2Ð�I t � . It is by Theorem 8.9 a mild solution to the equationuL± Ê :¡B Ç ±µÊ�u ��? Ú m u ÆÂÛ ÉËÊ ê t F4Ð�I ±µÊ Ü u �r? Ú m u ÈÅÛ ÉËÊ ê t F2Ð�I ± Ê Ü u�Í F2��I�v (8.25)

By P3 and P5, this equation satisfies conditions C1–C3 of Theorem 8.9, so we can
apply it to get the desired bound (5.1c). (The constant term drops since the problem is
linear in � .)

Proof of (D). Choose �ÓQ S and Ð½Q=S ¶ and define as above
± Ê : m uxÉËÊê F4Ð�I t � ,

which is the mild solution to (8.25) with initial condition � . We write this as± Ê : � lwp Ê ��? h ÊN � lwp L Ê l þ P Ú m u ÆÂÛ É þ ê t F2Ð�I ± þ Ü u �
? h ÊN � lwp L Ê l þ P Ú m u ÈÅÛ É þ ê t F2Ð�I ± þ Ü u5Í F&��IÙ 6 ÊV ? 6 Êg ? 6 ÊE v

The term 6 ÊV satisfies
supÊ � LON�� � � � ¶ f 6 ÊV f ¶ · ÷ � f � f v (8.26)

The term 6 ÊE is very similar to what is found in (8.5), with È m z F&��I t replaced by F u ÈkÛÉ þ ê I ± þ . Repeating the steps of (8.8) for a sufficiently large ú , we obtain now with\ : VÀ , some r ´ G and writing Ã þ : m u ÈÂÛ É þ ê t F2Ð�I ± þ :
E supÊ �)ÿ N�� � � f 6 ÊE f�� ¶ : E Ú supN ò Ê òw� {{{ h ÊN Ç ¶ � l�p L Ê l þ P Ã þ u5Í F&��I {{{ � Ü

· ÷ ö v
E h �N {{{ h þN FJ�cB@ë!I l � Ç ¶ � l�p L þ l�� P Ã � u5Í F#ë!I {{{ � u �

· ÷ ö v
E h �N Ú h þN F&�cB@ë�I l g � {{ Ç ¶ � l�p L þ l�� P Ã � {{ gHS

u ë Ü � ° g u �
· ÷ ö v

E h �N Ú h þN F&�cB@ë�I l g � {{ Ç ¶ Ã � {{ gHS

u ë Ü � ° g u �
· ÷ ö v Ú h �N � l g � u � Ü � ° g E h �N {{ Ç ¶ Ã þ {{ �

HS

u �
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· ÷ ö v � � °YÀ E h �N {{ Ç ¶ m u ÈÂÛ É þ ê t F2Ð�I ± þ {{ �
HS

u � v
We now use P5, i.e., (8.3) and then (5.1c) and get

E supÊ �eÿ N�� � � f 6 ÊE f�� ¶ · ÷ ö v � � °YÀ E h �N f�± þ f��nu � · ÷ ö v � � °^À � V f � f�� v (8.27)

To treat the term 6 Êg , we fix a realization � Q ¶ of the noise and use Lemma 8.8.
This gives for ! QýXóG)]�z�I the bound

supÊ � LON�� � � �ò� f 6 Êg f � · ÷ ö supÊ � LON�� � � ��� l � {{ m u ÆÂÛ ÉÌÊ ê t F2Ð�I ± Ê {{ � l � v
By P6, this leads to the bound, a.s.,

supÊ � LON�� � � ��� f 6 Êg f � · ÷ � Ú z¿? supÊ � LON�� � �#{{ ÉËÊ ê F4Ð�I {{ � l � Ü supÊ � LON�� � � ��� l � {{ ±µÊ {{ � l � v
Taking expectations we have

E supÊ � LON�� � � �ò� �rf 6 Êg f�� � · ÷ �� E © Ú z¿? supÊ � LON�� � �J{{ ÉËÊ ê F4Ð�I {{ � l � Ü �
supÊ � LäN�� � � � L � l � P � {{ ±µÊ {{ � � l � « v

By the Schwarz inequality and (5.1a) we get

E supÊ � LON�� � � ��� �rf 6 Êg f�� � · ÷ � � � m z�? f Ð f � � l � t Ú E supÊ � LON�� � � � L � l � P g � {{ ± Ê {{ g �� l � Ü V«° g v (8.28)

Since
± Ê : m uxÉÌÊê F2Ð�I t � : 6 ÊV ? 6 Êg ? 6 ÊE , combining (8.26)–(8.28) leads to

E supÊ � LäN�� � � � � � f m uxÉ Ê ê F4Ð�I t � f � �· ÷ � � � f � f � ? ÷ � � � m z¿? f Ð f � � l � t Ú E supÊ � LON�� � � �+L � l � P g � {{ m uxÉ Ê ê F2Ð�I t � {{ g �� l � Ü V«° g v
Thus, we have gained ! in regularity. Choosing ! : Vg and iterating sufficiently many
times we obtain (5.1d) for sufficiently large ú . The general case then follows from the
Hölder inequality.

Proof of (E). We estimate this expression by{{ É Ê ê F4Ð�I0B � l�p Ê Ð {{ � · h ÊN {{ Æ m É þ ê F2Ð�I t {{ � u ��? {{{{ h ÊN � l�p L Ê l þ P È m É þ ê F4Ð�I t6u5Í F&��I {{{{ � v
The first term can be bounded by combining (5.1b) and P3. The second term is bounded
by Proposition 8.4.

The proof Proposition 5.1 is complete.
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8.5 Bounds on the Off-Diagonal Terms

Here, we prove Lemma 5.4. This is very similar to the proof of (D) of Proposition 5.1.

Proof. We fix ö ´ G and ú � z . We start with (5.5b). Recall that here we do not write
the cutoff é . We choose �xQTS � and Ð@QTS . The equation for

± þ : m u � É þ� F2Ð�I t � is :± þ :=h þN � lwp L þ l þ < P Ú m u Æ�� Û É þ <ê t F2Ð�I m u � É þ < F2Ð�I t � Ü u � s
?½h þN � lwp L þ l þ < P Ú m u È�� Û É þ <ê t F4Ð�I m u � É þ < F2Ð�I t � Ü u5Í F&� s IÙ"$ þ V ?n$ þg v

Since
u Æ : u Æ ê is bounded we get{{ $ þ V {{ · ÷ h þN {{ m u � É þ < F2Ð�I t � {{ u � s · ÷ � supþ < �)ÿ N�� þ �J{{ m u � É þ < F2Ð�I t � {{ v

Using (5.1c), this leads to

E supþ �eÿ N�� Ê��#{{ $ þ V {{ � · ÷ � � � E supþ �)ÿ N�� Ê��#{{ m u � É þ F2Ð�I t � {{ � · ÷ � � � � � f � f � v
The term $ þg is bounded exactly as in (8.27). Combining the bounds, (5.5b) follows.

Since È�� is constant, see (4.1), we get for
± þ : m u � É þ� F2Ð�I t � and �xQTS � :± þ :ih þN � l�p L þ l þ < P Ú m u Æ � Û É þ <ê t F2Ð�I m u � É þ < F2Ð�I t � Ü u � s v

This is bounded like $ þ V and leads to (5.5a). This completes the proof of Lemma 5.4.

8.6 Proof of Proposition 2.3

Here we point out where to find the general results on (1.7) which we stated in Propo-
sition 2.3. Note that these are bounds on the flow without cutoff é .
Proof of Proposition 2.3. There are many ways to prove this. To make things sim-
ple, without getting the best estimate possible, we note that a bound in � ¾ can be
found in [Cer99, Prop. 3.2]. To get from � ¾ to S , we note that ÐDQÂS and we use
(1.7) in its integral form. The term � lwp Ê Ð is bounded in S , while the non-linear termÎ ÊN � lwp L Ê l þ P Æ m É þ F2Ð�I t6u � can be bounded by using a version of Lemma 8.8. Finally,
the noise term is bounded by Proposition 8.4.

Furthermore, because of the compactness of the semigroup generated by Ç , it is
possible to show [DPZ96, Thm. 6.3.5] that an invariant measure exists.

Acknowledgements

We thank L. Rey-Bellet and G. Ben-Arous for helpful discussions. We also thank the
referee for insightful remarks which clarified some ambiguities of an earlier version.
This research was partially supported by the Fonds National Suisse.



REFERENCES 46

References

[BKL00a] J. Bricmont, A. Kupiainen, and R. Lefevere, Probabilistic Estimates for the
Two Dimensional Stochastic Navier-Stokes Equations, Preprint, 2000.

[BKL00b] J. Bricmont, A. Kupiainen, and R. Lefevere, Ergodicity of the 2d Navier-
Stokes equation with random forcing, Preprint, 2000.

[Cer99] S. Cerrai, Smoothing Properties of Transition Semigroups Relative to SDEs
with Values in Banach Spaces, Probab. Theory Relat. Fields 113 (1999),
85–114.

[Col94] P. Collet, Non Linear Parabolic Evolutions in Unbounded Domains, NATO
Adv. Sci. Inst. Ser. C Math. Phys. Sci 437 (1994), 97–104.

[DPZ92] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions,
University Press, Cambridge, 1992.

[DPZ96] G. Da Prato and J. Zabczyk, Ergodicity for Infinite Dimensional Systems,
London Mathematical Society Lecture Note Series, vol. 229, University
Press, Cambridge, 1996.

[EH00] J.-P. Eckmann and M. Hairer, Non-Equilibrium Statistical Mechanics of
Strongly Anharmonic Chains of Oscillators, Comm. Math. Phys. 212
(2000), 105–164.

[EMS00] W. E, J. C. Mattingly, Y. G. Sinai, Gibbsian Dynamics and Ergodicity for
the Stochastically Forced Navier-Stokes Equation, Preprint, 2000.

[EPR99a] J.-P. Eckmann, C.-A. Pillet, and L. Rey-Bellet, Non-Equilibrium Statistical
Mechanics of Anharmonic Chains Coupled to Two Heat Baths at Different
Temperatures, Comm. Math. Phys. 201 (1999), 657–697.

[EPR99b] J.-P. Eckmann, C.-A. Pillet, and L. Rey-Bellet, Entropy Production in Non-
Linear, Thermally Driven Hamiltonian Systems, J. Stat. Phys. 95 (1999),
305–331.

[FM95] F. Flandoli and B. Maslowski, Ergodicity of the
�
-D Navier-Stokes Equation

Under Random Perturbations, Comm. Math. Phys. 172 (1995), 119–141.
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